n

3

1

∗

∗

⌊ ⌋ n

n

Abstract jorge@csi.uottawa.ca

Jorge Urrutia

July 1, 1996

Handb o ok on

Computational Ge ometry

Art Gallery and Illuminati on Problems

The author was supp orted by NSERC Op erating Grant

Department of Computer Science

University of Ottawa

Ottawa, Ontario, Canada

E-mail:

This is the preliminary version of a chapter that will app ear in

, edited by J.-R. Sack and J. Urrutia.

In 1973, Victor Klee p osed the following question: How many guards are

necessary

, and how many are sufficient to patrol the paintings and works of art

in an art gallery with walls? This wonderfully na ¨ ıve question of combinatorial

geometry has, since its formulation, stimulated a plethora of pap ers, surveys

and a b o ok, most of them written in the last fifteen years. The first result in

this area, due to V. Chv´ atal, asserts that guards are o ccasionally necessary

and always sufficient to guard an art gallery represented by a simple p olygon

with vertices. Since Chv´ atal’s result, numerous v ariations on the art gallery

problem have b een studied, includi ng mobile guards, guards with limited visibil-

ity or mobility

, illumi nation of families of convex sets on the plane, guarding of

rectiline ar p olygons, and others. In this pap er, we survey most of these results.

j

Con ten ts

1 In tro duction 1

2 Basic terminology 1

3 F our theorems in Art Galleries and Illumination 4

4 V ariations on the Art Gallery Problem 9

5 Generalized guards and hidden sets 19

6 Flo o dligh t illumination problems 21

7 Illuminating families of con v ex sets on the plane 27

8 W atc hman, Robb er, Safari, and Zo o-k eep er’s Routes 33

9 Mobile guards 37

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . .

. . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . .

L . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . .

π . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3.1 Chv´ atal’s classical Art Galley theorem 4

3.2 Guarding traditional art galleries 5

3.3 Illuminating families of convex sets 6

3.4 A flo o dlight illumination problem 8

4.1 Edge guards, vertex guards, etc. 9

4.2 The complexity of the Art Gallery Theorem 10

4.3 Orthogonal p olygons 10

4.4 Polygons with holes 11

4.5 Orthogonal p olygons with holes 12

4.6 Edge and mobile guards 13

4.6.1 Mobile guards for orthogonal p olygons 14

4.7 The F ortress and Prison Y ard Problems 16

4.7.1 The F ortress Problem 16

4.7.2 F ortress problems with guards in the plane 17

4.7.3 Edge guards and the F ortress Problem 17

4.7.4 The Prison Y ard Problem 18

5.1 visibility for orthogona l p olygons 20

6.1 Flo o dlight illumination of orthogonal p olygons 24

6.2 -flo o dlights 26

7.1 Illuminating line segments on the plane 30

7.2 Illuminating using line segments 31

8.1 The W atchman Route Problem 33

8.2 The Robb er Route Problem 35

8.3 The Zo o-Keep er’s and the Safari Route Problems 35

8.4 Vision p oints on watchman routes 36

9.1 The Hunter’s Problem 37

9.2 The Two Guard Problem 38

9.3 Lazy guards 39

10 Miscellaneous 40

References 46

. . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . .

K . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

9.4 T reasures in art galleries 39

10.1 Polyhedral terrains 40

10.2 Protecting convex sets 41

10.3 Co op erative guards 41

10.4 Guarding p olygons using consecutive edges or vertex sets 42

10.5 -guarding 43

10.6 Minimizing and maximizing visibility 43

10.7 The Searchlight Problem 44

10.8 Coverings and partitionings of p olygons 45

⌊ ⌋

≥

− n

n

i i n

3

1

+1

1

P

P P

n

n

P p , . . . , p n

P p p i , . . . , n p

p P P

1 In tro duction

2 Basic terminology

How many guar ds

ar e always sufficient to guar d any p olygon with vertic es

Chv´ atal’s Art Gal lery The or em

Art Gal lery The or ems and

Algorithms

Illumination problems have always b een a p opular topic of study in Mathematics.

F or example, it is well known that the b oundary of any smo oth compact convex set

on the plane can always b e illuminated using three light sources. One famous—and

until recently op en—problem on illumination is attributed to Ernst Strauss (see E. G.

Strauss and V. Klee [80]), who in the early fifties p osed the following problem:

Supp ose that we live in a two-dimensional ro om whose walls form a simple closed

p olygon and each wall is a mirror.

1. Is it true that if we place a light at any p oint of , all of will b e illuminated

using reflected rays as well as direct rays?

2. Is there necessarily a p oint from which a single light source will illuminate the

entire ro om using reflected rays as well as direct rays?

The first part of Strauss’s problem was recently proved to b e false by G. W.

T ok arsky [119 ]. T ok arsky’s pro of is surprisingly simple, using basic concepts of ge-

ometry that are easily understandable. W e refer the interested reader to T ok arsky’s

original manuscript which is clearly written and a pleasure to read. The second part

of Strauss’s conjecture, though, remains op en. It would b e nice if a “simple” pro of for

it could b e obtained.

More closely related to our topic of interest here is a question p osed by V. Klee dur-

ing a conference in Stanford in August 1976. Klee’s question was:

? So on after, V. Chv´ atal

established what has b ecome known as , namely: that

guards are always sufficient and o ccasionally necessary to cover a simple p olygon

with vertices [25 ].

Since the publication of this original result, a tremendous amount of research on

illumination or Art Gallery problems has b een carried out by mathematicians and

computer scientists. In 1987, J. O’Rourke [96] published

, the first b o ok dedicated solely to the study of illumination problems of

p olygons on the plane. The publication of this b o ok further fueled the study of Art

Gallery typ e problems, and many v ariations to the original Art Gallery Theorem have

since b een studied. In 1992, T. Shermer [107 ] published a thorough survey pap er on Art

Gallery problems. Since then a large numb er of pap ers in this area have app eared, and

some imp ortant op en problems have b een solved. In this survey

, we try to cover most

of the results published to date in Art Gallery or Illumination Theorems. Visibility

graphs, studied in O’Rourke’s b o ok and Shermer’s survey

, will not b e covered in this

survey; they are surveyed in another pap er in this volume.

A p olygon is an ordered sequence of p oints , 3, called the vertices of

together with the set of line segments joining to , = 1 1 and

to , called the edges of . is called simple if any two non-consecutive edges do

1 q P p q q P P P u P H P P P P n n n n V , E V G V , E G V , E G V , E gonal luminates guar ds luminate s al l dir e ctions d lumination ding intersect. A simple p olygon divides the plane into two regions, an unb ounded one the exterior region and a b ounded one, the interior. Henceforth to simplify our tation, the term p olygon will b e used to denote simple p olygons together with interior.

simple p olygon is called if all its edges are parallel to either the -axis the -axis.

1: A simple and an orthogonal p olygon.

en two p oints and of a p olygon , we say that is from if the line t joining to is totally contained in .

collection of p oints of or if every p oint of is from a p oint in . The term follows the notion that if we place light source that emits light that falls on each element of , is illuminated. The use of the term follows the notion that if we station a at each element of , all of is guarded. T o illuminate the orthogonal p olygon

Figure 1 we need four lights. W e remark at this p oint that the terms will b e used interchangeably in this manuscript. Our choice of whether

“guard” or “illuminate” an ob ject dep ends mainly on the term used in the original er in which a particular result was proved.

triangulation of a p olygon is a partitioning of into a set of triangles with interiors in such a way that the edges of those triangles are either edges or of joining pairs of vertices. It is easy to see that any triangulation of a olygon with vertices contains exactly 2 triangles.

riangulations of p olygons play a central role in the study of Art Gallery prob-

The problem of finding efficient algorithms to triangulate p olygons has received uch attention in Computational Geometry

. In 1978, Garey

, Johnson, Preparata T arjan [57 ] obtained the first ( ln ) time triangulation algorithm. This result as improved in 1988 by T arjan and v an Wyk to ( ln ln ) [118 ]. Finally in 1990,

[18] obtained an optimal linear time algorithm to solve this problem. At time some of the algorithmic results surveyed here were published, they contained logarithmic or double logarithmic factor intro duced by the use of a triangulation

In these cases, these factors have b een dropp ed.

graph ( ) consists of a set of elements called the vertices of ( ), with a set of pairs of vertices of ( ) called the edges of ( ). Two i i n +1 2 2.12.2 } ≥ } ≥ | | | ≤ | | ⌋ ≤ ⌊ ⌋ v G V , E u, v E V , E v G V , E v G V , E V , E v , . . . , v v v V , E i , . . . , k k G V , E v , . . . , v , v k V , E u v G V , E v , . . . , v v u v G V , E V , E kG V , E < k G V , E v P V G P P u v V G P n E E M G M M G M S G O dd S S S G O dd G S S n onne cte d erfe ct utte [120]): A gr aph has a p erfe ct matching iff for every subset , . [91]): Any planar -c onne cte d gr aph with vertic es minimum vertex de gr e e gr e ater than or e qual to has a maximum matching with le ast e dges. When , the numb er of e dges in such a matching is .

ertices and of ( ) are called adjacent if the pair is an elemen t of . A

( ) is planar if it can b e drawn on the plane in such a way that its vertices represented by p oints on the plane, and each edge of ( ) is represented y a simple curve joining p oints representing and . Moreover two edges of ( ) y only intersect at their endp oints.

path of ( ) is a sequence of distinct vertices such that and adjacent in ( ), = 1 1, 2. A cycle of ( ) is a path with the edge , 3.

graph ( ) is called connected if for every pair of vertices and of ( ), exists a path = = starting at and ending at , otherwise ( ) called disconnected. A graph ( ) is called - if, when we remove any ertices of ( ) together with the edges adjacent to them, we obtain a connected . F rom now on, unless necessary

, we shall refer to a graph ( ) only . o p oints and in a p olygon are called if the line segment joining is contained in . The visibility graph ( ) of is the graph whose vertex is the set of vertices of , two vertices and b eing adjacent in ( ) if they visible in . Visibility graphs were first intro duced by Avis and ElGindy [5].

and ElGindy gave an optimal (worst case) ( ) time algorithm to compute visibilit y graph of a p olygon. Their result was later improved by Hershb erger [69], gave an ( ) time algorithm, where is the numb er of edges of the visibility of . One of the most imp ortant op en problems in Computational Geometry that of characterizing and recognizing visibility graphs.

o results in Matching Theory will b e central to our results, and for completeness e intro duce them now. Given a graph , a of is a subset of edges of h that no two edges of have a common vertex. A matching of is called each vertex of is a vertex of an edge in .

en a graph and a subset of the vertices of , we define ( ) to b e the umb er of comp onents of with an o dd numb er of vertices. The following result to T utte provides necessary and sufficient conditions for the existence of p erfect hings: ) ( ) or the case of planar graphs, we will use the following result by T. Nishizeki ely: 14 pro ofs of these results are not of concern in this work; the interested reader find them in many b o oks on graph theory .

1

2 3

1 3

2

3 2

1

2

. . .

2 3 ⌋ } ⌋ 3.1 of: n P n , , T C C C m P Ch v´ atal’s classical Art Galley theorem F our theorems in Art Galleries and Illumination guar ds ar e always sufficient and o c c asional ly ne c essary il luminate a p olygonal art gal lery with vertic es. study of Art Gallery problems deals mainly with illumination of p olygons, families convex sets and most recently

, flo o dlight illumination problems; that is illumination using light sources with restricted angle of illumination. T o illustrate the techniques used in this area of research, in this section we give four results with pro ofs.

e start with the pro of of Chv´ atal’s Art Gallery Theorem. The pro of presented here due to S. Fisk [53].

an arbitrary simple p olygon with vertices. Obtain a trianof by adding 2 interior diagonals (See Figure 2.)

is easy to see that we can color the vertices of using three colors 1 2 3 such any two vertices joined by an edge of or a diagonal of receive different colors.

partitions the vertex set of into three chromatic classes , and . Since vertices of each triangle of receive different colors, each chromatic class guards

Place a guard at each vertex of the smallest chromatic class and our result follows.

o see that guards are sometimes needed, consider the comb p olygon

= 3 vertices presented in Figure 2. It is easy to see that to guard we need least guards.

2: Illustration of pro of of Chv´ atal’s Art Gallery Theorem.

v_1 v_2

v_3 v4 v_5

v_7 v_6 v_8

R_1 R_2

R_3 R_4 R_5

R_7

R_6 R_8

i j j ⌉ } | | 3.2 of: Guarding traditi onal art galleries n R , . . . , R T R T v G T T G T v , v G T M R T T G T S S aditional art gal lery

Any r e ctangular art gal le ry with r o oms c an b e guar de d with exguar ds. the classical Art Gallery Theorem, an art gallery is a simple p olygon on the plane.

a more realistic setting, a is housed in a rectangular building divided into rectangular ro oms. Assume that any two adjacent ro oms have a do or them. (See Figure 3.)

3: T raditional art gallery and its dual graph.

w many guards need to b e stationed in the gallery so as to guard all its ro oms?

that if a guard is stationed at a do or connecting two ro oms, he will b e able to b oth ro oms at once, and since no guard can guard three ro oms, it follows that the art gallery has ro oms we need at least guards. W e now prove:

en a rectangular art gallery with ro oms , we can asso ciate it a dual graph ( ) by representing each ro om of by a vertex in ( ), wo vertices b eing adjacent if their corresp onding rectangles share a line segment in common b oundary

. See Figure 3.

that the outermost b oundary of the union of the rectangles corresp onding the vertices of any connected subgraph of ( ) form an orthogonal p olygon.

e now show that if ( ) has an even numb er of vertices, ( ) has a p erfect hing . This suffices to prove our result since our p oints can now b e chosen as follows: for every edge of ( ) in station a guard at the do or and . Clearly these guards will cover all of the subrectangles of .

case when ( ) has an o dd numb er of vertices follows by sub dividing any ro om into two.

us now assume that ( ) has an even numb er of vertices. T o prove that ( ) a p erfect matching, we will show that it satisfies the conditions for the existence a p erfect matching stated in T utte’s Theorem; namely that for any subset of the ertices of ( ) the numb er of o dd comp onents of ( ) do es not exceed . Let 3.3 of: ) ( )

) (1) ( ) | | | | } ∪ } ∪ ∪ }} Illuminati ng families of con v ex sets i j i,s j i j s s m i i i i j G T S C T S P T G T S k T S T S k S T SS , . . . , S . . . SS , . . . , S n S . . . S T , . . . , T n T i , . . . , n i , . . . , n T j , . . . , m l T T j , . . . , m i T , . . . , T P P S i , . . . , n T , . . . , T T T F or any family of disjoint c omp act c onvex lights lo c ate d in the c omplement of ar e always sufficient and c c asional ly ne c essary to il luminate the b oundaries of the elements of .

e the numb er of connected comp onents of ( ) . Each connected comp onent

( ) is represented by an orthogonal subp olygon of . Each such p olygon at least four corner p oints, and thus the total numb er of corner p oints generated y the comp onents in ( ) is at least 4 .

next observ ation is essential to our pro of: When a rectangle represented by a oint in is now replaced, at most four corner p oints will disapp ear.

all rectangles in are replaced, all the corner p oints generated by the comonents of ( ) will disapp ear, except for the four corner p oints of . It follows

+ 1. The reader may verify that if = + 1, then at least one of the onents of ( ) is even.

folklore result in mathematics asserts that to illuminate the b oundary of a compact vex set on the plane, three light sources always suffice.

following problem was first studied by F ejes T´ oth [52]. Let = e a family of disjoint compact convex sets on the plane. How many light sources cated in the complement of are always sufficient to completely illuminate b oundaries of the elements of ?

this section we prove: 7 a family = of strictly convex such that:

is contained in , = 1 .

The interiors of , = 1 are disjoint.

The numb er of tangencies b etween the elements of is maximized.

ose that is tangent to , = 1 . Consider the lines tangent at the p oints in which intersects , = 1 . F or each , a p olygonal region . Two cases arise:

is a b ounded p olygonal region. In this case, place a light at each vertex of .

is an unb ounded p olygonal region. F or this case, place a light at each vertex

, and one more at each of two semilines of far enough from .

is easy to see that these lights illuminate , = 1 and that each of the defined ab ove is assigned exactly two lights. See Figure 4.

a planar graph with vertex set such that and are t if they are tangent. It is clear that this graph is planar, and thus it has at

3 6 edges. Notice that there is a one to one corresp ondence b etween the edges

Lights are placed only at the light circles.

} T T , . . . , T T i , . . . , n H , . . . , S H 4: Illustration of pro of of theorem on illumination families of convex sets.

and the set of tangents generated by = . It now follows that the umb er of lights used so far is at most 2(3 6).

b e the complemen t of the union of , = 1 . consists of an unounded face and a numb er of b ounded ones. It is easy to see that the numb er of lights to illuminate is maximized when all of the faces of , including the one, are b ounded by exactly three elemen ts of . W e analyze this case only , leave the rest to the reader. W e notice now that each face of contains exactly lights. Note, however, that if for each face of except the outer face, we remove of these three lights, the remaining lights still illuminate all the elements of ; see

4. It is now easy to see that 4 7 lights remain, and our result follows.

a_3

2a

1a a_3

2a

1a e_3 e_1 x y

v u

w x y

v w u

≤ i 2 3 2 3 2 3 2 2 3 3 2 3 A flo o dligh t illumi nati on problem

3.1 The -flo o dligh t illumination problem p f α α π , α , α Pα α α α < v P α α α α v T x y x y e e P α v T T e C u w o d lights L et c onsider any c onvex p olygon . Can we plac e thr e e flo o d lights of sizes at most at most one p er vertex, in such a way that is c ompletely il luminate d? the previous problems, we have assumed that the light sources emit light in all or that the guards can patrol around themselv es in all directions. W e now t an illumination problem in which the light sources have a restricted angle of nation. W e call such light sources . Thus for the rest of this pap er, a o dlight is a source of light lo cated at a p oint of the plane, called its ap ex;

nates only within a p ositive angle of illumination , and can b e rotated around ap ex. W e study the following problem due to J. Urrutia: + + = e now show that the Three Flo o dlight Illumination Problem always has a p ositive

Clearly our result is true if has 3 vertices. Consider any convex p olygon at least four vertices and supp ose that . Notice first that , that since has at least four vertices, the interior angle at one vertex of is least . Find a triangle with internal angles , , and such that the vertex with angle lies on , and the other vertices of lie on two p oints and on b oundary of . Supp ose that and lie on different edges, say and of .

case when they lie on the same edge will b e left to the reader.) See Figure 5.

5: Illustration of pro of of the Three Flo o dlight Problem.

a flo o dlight with angle of illumination at , illuminating . Consider circle passing through the vertices of . It is easy to see that at least one vertex each of and is not contained in the interior of . Let and b e these end oints. Two cases arise: 33 1 3

2 3 3 2 Edge guards, v ertex guards, etc. V ariations on the Art Gallery Problem w f f u w , u, x v , w , y u w f f α α f f P w C x y P u π α α α α α u PP oin t guards ertex guards guardsguards ertex and p oin t flo o dligh ts = . Place flo o dlights and at and illuminating the angular region by and . Since and are not contained in the interior

, the angles of illumination of and are at most and resp ectively . , , and illuminate our result follows.

= . By considering the tangents to at and it is easy to verify that angle of at is at most 2 which is less than or equal to =

+ ). Place a flo o dlight of size at . This illuminates . Our result ws. are several typ es of restrictions that may b e imp osed on the guards used to ver a p olygon . In some cases, we may want them to b e stationed at vertices of

In other cases, they can b e lo cated anywhere within , or patrol along diagonals edges of . W e now list all the different typ es of guards or light sources studied in literature.

are guards that can b e lo cated anywhere in the p olygon to b e this case, the p ositions of the guards are restricted to vertices of p olygon.distinction b etween p oint and vertex guards is imp ortant. In many of our the b ounds obtained for these two typ es of guards are different.

guards were intro duced by T oussaint in 1981. His original moation was that of allowing a guard to move along the edges of a p olygon. A oint can b e considered guarded if it is visible from some p oint in the path of guard. Alternately

, we could think of the illumination problem of a p olygon which we are allowed to place “fluorescent” lights along the edges of ; each t light covers the whole length of an edge of . Within this setting, problem b ecomes: How many “fluorescent” lights are needed to illuminate p olygon with vertices?

e [97] intro duced this v ariation in which the guards are alwed to move along closed line segments totally contained in a p olygon .

e also distinguish b etween vertex flo o dlights, loat vertices of a p olygon, and p oint flo o dlights, which can b e lo cated anyin the p olygon to b e guarded. Flo o dlights were intro duced by J. Urrutia

1990 at a workshop on illumination in Bell Airs, Barbados. The motiv ation this typ e of guard is that many guarding and broadcasting devices have a d range of visibilit y . n 4 ⌋ ⌋ ⌊ ⌋ n n n O n n n n 4.14.24.3 The complexit y of the Art Gallery Theorem

Orthogonal p olygons minimum vertex guar d pr oblem for p olygons is NP-har d. e dge p oint guar d minimum vertex- and p oint-guar d pr oblems for ortho gonal p olyis NP-har d. ny ortho gonal p olygon with vertic es c an always b e il luminate d with guar ds. guar ds ar e sometimes ne c essary.

pro of of Chv´ atal’s Theorem to find guards to cover a p olygon leads in a way to an efficient algorithm. First triangulate the p olygon to b e guarded,

3-color the resulting graph and station a guard at all the vertices of the smallchromatic class. This was noticed first by Avis and T oussaint [7] who gave an ln ) time algorithm to solve the Art Gallery Theorem. Their result was later ved when T arjan and v an Wyk [118 ] obtained an ( ln ln ) time algorithm to p olygons. The complexit y of the Art Gallery Theorem was finally settled

Chazelle obtained a linear time triangulation algorithm [18 ].

the other hand, the problem of finding the numb er of guards needed guard a p olygon is much harder. Lee and Lin [82] proved:

pro of is based on a reduction of the 3-satisfiability problem [56]. In the same er, they show that the and problems are also NP-hard.

approach that has b een neglected in the study of Art Gallery problems is that finding algorithms that obtain approximate solutions in terms of optimal ones. T o knowledge, there is only one pap er on this sub ject (Ghosh [64]). He obtained an that, given a p olygon with vertices, finds in ( ln ) time a vertex set that has at most (ln ) times the minim um numb er of vertex guards needed guard .

or orthogonal p olygons, Schuchardt and Hecker [104 ] recently proved:

problems for orthogonal p olygons have received muc h attention. This is erhaps b ecause most real buildings are “orthogonal”, and thus they are a b etter del for p otential applications of our results. F rom a mathematical p oint of view, inherent structure allows us to obtain very interesting and aesthetic results. The ma jor result here is due to Kahn, Klawe and Kleitman [79]. They proved:

Klawe and Kleitman’s pro of was based on a similar technique to that used y Fisk. The main idea of their pro of is to partition an orthogonal p olygon into convex

The internal diagonals of each of these quadrilaterals are then added, the graph thus obtained four-vertex colored.

Klawe and Kleitman’s result provided an incentiv e to study the problem of osing a rectilinear p olygon into convex quadrilaterals. The first ( ) algorithm achieve this was obtained by Sack [101] (see also [103 ]). A different algorithm h h +2 ) + ) ⌋⌋ { ∪ ∪ } ⌋ ⌋ P olygons with holes 4.4 4.1 m P , . . . , P P P . . . P m hh h > ny p olygon with vertic es and holes c an always b e guar de d with guar ds. olygon with vertic es and holes c an always b e guar de d with

6: A p olygon that requires guards.

as later obtained by Lubiw [87]. Related results can also b e found in Sack and oussaint [102 ].

linear time algorithm to guard orthogonal p olygons using p oint guards, some which may b e lo cated in the interior of the p olygon, was then given by Edelsbrun-

O’Rourke and W elzl [43]. Their result is based on an L-shap ed partitioning of l p olygons.

1986, E. Gy¨ ory gave another pro of of Theorem 4.3. His pro of also decomp oses orthogonal p olygon into a set of at most L-shap ed p olygons.

recently

, Estivill-Castro and Urrutia [47] (see also [1]) proved that guards also sufficient to guard an orthogonal p olygon, but in this case using orthogonal o dlights; that is guards which have an angle of vision of 90 degrees. Moreover, e the result of Edelsbrunner, O’Rourke and W elzl, they lo cate the lights on the of the p olygon. F or more details see Theorem 6.7 of this survey

. They also give linear time algorithm to solve this problem.

en a p olygon and a set of disjoint p olygons contained in the interior

, we call the set a p olygon with holes. In this case, we say has holes.

e [97] proved the first result on guarding p olygons with holes:

e’s pro of pro ceeds by eliminating the holes of a p olygon one at a time y cutting it along a line segment joining a diagonal joining two vertices of ; one a ertex of a hole, the other on the outer face of .

is widely b elieved that this b ound is not tight, in fact Shermer conjectures:

proved his conjecture for the case = 1; see [96]. However, for 1 conjecture remains op en. Substantial progress has b een achieved for p oint gurds.

hs and Souv aine [10] and Hoffmann, Kaufman, and Kriegel [73] indep ently proved: h n h , h h h n h ⌋ ⌉⌋ ⌊ ⌋ ⌋ ⌋ ⌋ + ) 4

4.54.64.7 Orthogonal p olygons with holes oint guar ds ar e always sufficient and o c c asional ly ne c essary d any p olygon with vertic es and holes.

ds ar e always sufficient to guar d any ortho gonal p olygon vertic es and holes.

e always sufficient to guar d an ortho gonal p olygon holes.

7: A p olygon that requires guards.

1995, Bjorling-Sachs and Souv aine [11] gave an ( ) time algorithm to find the osition of the guards. The main idea in Bjorling-Sachs and Souv aine’s pap er to connect each hole of the p olygon to the exterior by cutting away a quadrilateral h that one vertex is intro duced for each channel, and there is a triangle the remaining p olygon such that any p oint in it sees all of the channel. This is then forced to b e in a triangulation of the remaining p olygon, and using pro of of Chv atal’s Theorem, we place a guard at a vertex of . This will cover channel, and the result follows.

1982, O’Rourke [96] proved that any orthogonal p olygon with vertices and can always b e guarded with vertex guards. He conjectured that ertex guards are always sufficient to guard them. Aggarwal [4] was able to verify conjecture for = 1 2. This conjecture remained op en until 1990, when F.

[72 ] proved:

or vertex guards, the b est known upp er b ound, due again to O’Rourke, remains

. When is “large”, an improv ement was also achieved by Hoffman and

[74 ]. They proved:

main idea b ehind their pro of is the following result which is interesting in its wn right: n n ⌋ ⌊ ⌋ ⌋ ⌋⌋ Edge and mobile guards

4.8 4.24.3 4.9 ny planar bip artite gr aph c an b e c omplete d to a maximal planar gr aph is -vertex c olor able.

guar ds ar e always sufficient to guar d any ortho gonal p olywith holes.

ept for a few p olygons, e dge guar ds ar e always sufficient to d any p olygon with vertic es. ds e always sufficient and o c c asional ly ne c essary to o prove their result, they first partition the orthogonal p olygon into convex quadriand then triangulate the resulting graph in such a way that every vertex has en degree. Then they use a theorem by Whitney that states that any planar triangraph is 3-vertex colorable iff all its vertices have even degree. Their result to an ( ) time algorithm.

or the lower b ound, Hoffman found a family of p olygons with holes that require ertex guards. This disproved an earlier conjecture by Aggarwal [4] that ere always sufficient. Hoffman conjectures:

8: Hoffman’s p olygon requiring vertex guards.

1981, T oussaint asked the question of determining the minim um numb er of edge required to guard any p olygon with vertices. He conjectured:

the next figure, we show a typical p olygon that requires edge guards, as well the only two known counterexamples to this conjecture due to Paige and Shermer.

Figure 9.

conjecture remains op en. The first p ositive result in this direction is due to e [97]. By allowing the guards to move along diagonals joining vertices of , using , he was able to prove:

guards 00 00 ⌋ ⌋ ⌋ ⌋ ⌋ ⌋P P P PP P +4 4.10 Mobile guards for orthogonal p olygons

4.11 gr aph dge guar ds ar e always sufficient and o c c asional ly ne c essary to d any triangulation gr aph with vertic es, with the exc eption of thr e e gr aphs.

guar ds ar e sufficient and o c c asional ly ne c essary to c over ortho gonal p olygon with vertic es. 9: A p olygon that requires edge guards and Paige and Shermer’s p olygons e’s pro of pro ceeds by induction on the numb er of vertices of . He first his result for p olygons with up to nine vertices. F or p olygons with more nine vertices, he considers a triangulation of . Then he shows that this contains a diagonal that cuts into two p olygons, and , one of h, say , contains b etween five and eight edges of . He then finds a solution for can b e used with any solution of to obtain a solution for . It is not hard see that O’Rourke’s pro of of Theorem 4.9 can b e implemen ted in linear time [97].

interesting problem arose at this stage. A is a maximal graph, i.e. a hamiltonean planar graph which contains vertices and

3 edges, and all of whose internal faces are triangles. O’Rourke showed that there triangulation graphs with vertices such that any set of edges that covers their faces requires edges. Shermer later found examples of triangulation that require edge guards to cover them. Since this numb er is greater

, this means that the technique of trying to solve T oussaint’s conjecture triangulations may not work. Recently

, Shermer [109 ] settled the edge guarding for triangulated graphs. He showed:

pro of of Theorem 4.10 is long and tedious. F or details, see Shermer’s original er. F or spiral p olygons, S. Viswanathan [123 ] showed that edge guards are ays sufficient and o ccasionally necessary . or mobile guards in orthogonal p olygons, the following result by A. Aggarwal [4] gives complete solution:

(a) (b)

n n n ⌋ ⌊ ⌋ ⌋ 4.1 +4 if p ossible, a sub quadr atic algorithm to solve The or em 4.11

10: O’Rourke’s and Shermer’s p olygons that require and edge guards ectively

. pro of of Aggarwal’s result is interesting, but rather long and complicated. The terested reader can find the complete pro of in [96]. It is worth noticing here that al’s pro of for Theorem 4.11 leads to an ( log ) time algorithm using Sack’s

Lubiw’s quadrilaterization algorithms.

11: A p olygon that requires mobile guards.

interesting op en problem is:

al’s result was generalized to orthogonal p olygons with holes by Gy¨ ory , Kriegel and Shermer [66]. They proved: h ⌋⌋ ⌉ ⌉⌉ +4 +4

+4 +4 The F ortress and Prison Y ard Problems

4.12 The F ortress Problem

4.13guar c c asional ly ne c es- to guar d an ortho gonal p olygon. F ortr ess Pr oblem

Prison Y ar d Pr oblem guar ds ar e ne c essary and sufficient to to se e the exterior any p olygon with vertic es. 12: A p olygon that requires mobile guards.

this section, we study two v ariations to the Art Gallery Problem due to D. W o o d:

How many vertex guards are needed to see the exterior of p olygon?

How many vertex guards are sufficient to simultaneously the interior and the exterior of any simple p olygon with vertices?

or arbitrary p olygons, the F ortress Problem was solved by O’Rourke and W o o d [97].

proved:upp er b ound of is achieved by any convex p olygon with vertices. The er b ound is proved by “triangulating” the exterior of using an extra p oint at y . Next, this graph is converted to a triangulation of a p olygon by splitting of its vertices in two. This pro duces a graph with + 1 vertices that is 3-vertex

If the smallest chromatic class do es not contain the vertex at infinity

, place guard at the p oints of this chromatic class, otherwise cho ose the smaller of the two chromatic classes. It is easy to see that this rule will not use more than see [97 ].

or orthogonal p olygons, Aggarwal [4] proved: 4n ⌉ { } ⌉ ⌊ ⌋ n R P P v P u, v Q P n 4.14 F ortress problems with guards in the plane

4.15 Edge guards and the F ortress Problem

4.16guar ds ar e ne c essary and sufficient to se e the exterior any ortho gonal p olygon with vertic es. ds ar e always sufficient and sometimes ne c essary to over the exterior of an vertex p olygon . esp e ctively ) e dge guar ds ar e sufficient and o c c asional ly c essary to guar d the exterior of a simple (r esp e ctively, ortho gonal) p olygon with es. 13: Aggarwal’s p olygon requiring + 1 vertex guards.

1 upp er b ound is proved as follows: First enclose within a rectangle . Then the area contained b etween and into an orthogonal p olygon by cutting way from it a small rectangle having two of its vertices in . F rom here, a small dification to the pro of of Theorem 4.3 given by given by Edelsbrunner, O’Rourke W elzl [43] gives the desired result.

pro ofs of Theorems 4.13 and 4.14 lead to linear time algorithms [97].

the previous section, the guards were required to b e placed within the p olygon.

or the case when this condition is dropp ed, the following result due to Aggarwal and e [96] solves the problem:

easiest pro of for Theorem 4.15 is due to Shermer. He first adds two extra oints and such that the convex hull of is a convex quadrilateral ; see

14. The area b etween and is again triangulated and three-colored. The set is then obtained from this coloring. Shermer’s pro of presented in [97 ] again to a linear time algorithm.

and Choi [125 ] studied the F ortress Problem using edge guards. They show: 1 h n n 2 2 ⌉ ⌉ ⌈ ⌉ ⌊ ⌈ ⌉ ⌋ ⌊ ⌋ } x k < n r n / n h P The Prison Y ard Problem

4.17 onse cutiv e vertex guar d Y ar d Conje ctur e ds (r esp. ) vertex guar ds ar e always sufficient and c c c essary to simultane ously guar d the interior and the exterior of a c onvex esp. non c onvex) p olygon with vertic es. 14: Illustration of pro of of Theorem 4.15 or simple p olygons, their pro of pro ceeds as follows: If is convex, it is easy to that edge guards are necessary and sufficient. If is not convex, and all of p o ckets have at most four edges, then placing a guard at every third edge of

The remaining case is handled by a result of O’Rourke [96 ] that asserts that any triangulation of a simple p olygon, there is a diagonal that cuts off 4, 5, or edges. Then by an analysis similar to that used to prove Theorem 4.9 our result ws. Their pro of leads to a linear time algorithm.

orthogonal part of Yiu and Choi’s result follows by first enclosing the p olygon a square, then decomp osing the region b etween this square and into a set

+ 2 rectangles by extending the edges of parallel to the -axis until they meet edge of or the square. Yiu and Choi then pro ceed in a way similar to that by Edelsbrunner, O’Rourke and W elzl [43] in their pro of of Theorem 4.3. The can b e implem ented in linear time.

[124] also studied the case when consecutive vertex guards are used. He defines to b e a set of vertex guards placed at consecutive ertices on the b oundary of a p olygon. He shows that -consecutive vertex are sometimes necessary and always sufficient to cover the exterior of any - ertex p olygon, .

or the Prison Y ard Problem, the first imp ortant result was due to O’Rourke [97 ]. He ved that + , ( + ) 2 , guards were always sufficient to to ultaneously guard the interior and the exterior of any p olygon with vertices, which are reflex and are in the convex hull of . He conjectured [97 ] that ertex are always sufficient. This b ecame known as the . This was solved in 1992 by F ¨ uredi and Kleitman [54 ]. n n h n H P H ⌋⌋ ⌊ ⌋ ⌋ ⌋ ⌉ 4 Generalized guards and hidden sets

4.184.194.204.4

4.215.1 esp. ) vertex (r esp. p oint) guar ds ar e always sufficient d the interior and the exterior of an ortho gonal p olygon with holes.

esp. ) vertex guar ds ar e always sufficient and c c c essary to guar d the interior and the exterior of a (r esp. or- c onvex) p olygon with vertic es. Pr oblem ds ar e always sufficient to c over al l the c el ls, the and the exterior of an ortho gonal p olygon with holes.

e is a c onstant such that any ortho gonal prison yar d c an b e d with vertex guar ds. ds ar e o c c asional ly ne c essary and always sufficient to e the interior and exterior of a monotone p olygon.

set the size of the maximum hidden set or hidden vertex set

NP-har d; c omputing the size of the minimum hidden guar d set is NP-c omplete and omputing the size of the minimum hidden vertex guar d set is NP-har d. reader interested in details should consult F ¨ uredi and Kleitman’s pap er.

first result for the orthogonal case was again obtained by J. O’Rourke. He ved [97 ] that + 5 vertex guards were always sufficient. This result was recently ved by Hoffmann and Kriegel [74]. They showed:

2 also show:

2 + 2 intro duce a new problem that they call the in which the are required to cover all of the plane, that is, the interior, exterior and the terior” of the holes of the orthogonal p olygon. They prove:

2 their results are based on Theorem 4.8, and are proved in a similar way to

4.7. Hoffmann and Kriegel also show that all their results, with the exception the ortho convex one, lead to ( ) time algorithms; see Theorem 4.7. The + 2 for the ortho convex problem can b e found in linear time. They also conjecture:

e also mention the following result for p olygons. A p olygon is called if every line parallel to the axis intersects it exactly once. O’Rourke [97 ] ved: b e a p olygon, and a subset of p oints in . W e say that is a if pair of elements of are visible to each other, i.e. if the line segment joining them tersects the exterior of . The following result is due to T. Shermer [105]:

+1 2 2 ⌋ ⌋ ≥ ⌋ ⌋ } | ⌋ ⌊ 5.25.35.4 visibi li t y for orthogonal p olygons v L Q L n n j n S , . . . , S HH F n n n F n or p oint guar ds ar e always sufficient and o c c asional ly c d, under visibility, any p olygon with vertic es. or any inte gers and , ther e exist p olygons with es that have a -hidden vertex set of size . Mor e over, these p olygons r e quir e le ast r e gions in any c overing or p artition by -c onvex r e gions. These b ounds e tight.

et b e a family of disjoint line se gments on the plane, no two of ar e c ol line ar. Then always has a hidden set of size at le ast . Ther e ar e of lines that admit no hidden set of size gr e ater than .

gonal the same pap er, Shermer shows that any p olygon with reflex vertices may have hidden set of size at most + 1. He also shows that that the size of the maxim um ertex hidden set of a p olygon with vertices is at most . Both b ounds are tight.

or orthogonal p olygons, tight b ounds for hidden guard and hidden vertex guard sets are given.

o p oints and of a p olygon are called -visible if there is a p olygonal path them consisting of at most straight line segments. Under this definition, two oints that are visible are -visible. A set on the plane is called -convex if any wo p oints in them are -visible. Shermer [106] proved: + 1 that for = 1, Theorem 5.2 yields Chv´ atal’s Art Gallery Theorem. Shermer obtained b ounds to guard, under visibility

, the exterior of a p olygon. F or these more results regarding visibilit y , the reader is referred to [106 ].

sets can also b e studied from the following p oint of view: Supp ose that e have a family = of disjoint sets on the plane. A set of p oints tained in the complem ent of the union of the elemen ts of is called a hidden set if the line segment joining any two elements of intersects an elemen t of .

Serra, and Urrutia [75 ] proved:

lower b ound pro of is based on the Erd¨ os-Szekeres [45] theorem that asserts any sequence of numb ers contains an increasing or decreasing subsequence of . T o prove their result they first shorten the segments until all have disjoint jections on the -axis. Then they take the sequence determined by the slop es of the segments in the order of their pro jection on the -axis, and applying the Erd¨ os- eres theorem, obtain a subset of size at least of . This set has a hidden of size at least and the result follows. The upp er b ound is achieved by an easy F or families of isothetic line segments, i.e. each of them parallel to the or they obtain a lower b ound of + and an upp er b ound of + . They find those p oints in ( ln ).

ali and Ntafos [61] studied visibility for orthogonal p olygons and i.e. the union of a collection of horizontal or vertical line segments. In this case k h k h h ⌊ ⌋ ≥ ⌊ ⌋ ≥ ⌊ ⌋ ⌊ ⌋ ⌊ ⌋ ⌊ ⌋ ⌋ } } Flo o dligh t illumination problems

+(7 3 ) +4

+13 +2 )+4

+13 +4 +4

5.55.65.75.15.26.1 n k P T n, h, k n h r n, h, k k , r n, h, k k r n, h, k n, , k k r n, h, n, h, n, h, k h k F f , . . . , f , . . . , α erisc op e visibility minimum p erisc op e guar d set for simple grids and ortho gonal p oly- c an b e found in time.

or even, . F or , , for o dd, , .

with e quality for even; , and is the lower b ound on when is lar ge? ar e the exact b ounds for ortho gonal p olygons with holes expr esse d a function only of and ?

e a line se gment c ontaine d the -axis of the plane, and b e a set of flo o d lights with sizes esp. such that their ap exes ar e lo c ate d at some fixe d p oints on the plane, l on the same side of . Is it p ossible to r otate the flo o d lights ar ound their ap exes so to obtain a final c onfigur ation such that is c ompletely il luminate d? p olygonal line joining two orthogonally visible p oints has at most one horizontal segment and at most one vertical line segment. They call this .

grid is called simple if all the endp oints of its line segments lie on the outer face of planar sub division induced by the grid. They proved:

) -guard is a tree of diameter completely contained in a p olygon . A p oint guarded by a tree if it is visible from at least one p oint of . Gy¨ ory , Hoffmann, and Shermer [66] define the function ( ) to b e the minim um numb er of needed to guard an orthogonal p olygon with vertices and holes. They ve the following results: ) = 1 3 ( ) ( ) 0 ) ( 1) = 2) pro ofs of these results are based on a long case analysis. F or the details, the is referred to the authors’ pap er. Some op en problems p osed in [66] are: ) authors mention that W essel showed a lower b ound of for = 1.

this section, we survey results concerning illumination problems using flo o dlights.

following problem, p osed by J. Urrutia in 1992, is p erhaps the most interesting en problem in this area.

Stage Illumination Problem: 6.1 } { } } } } { } { } 1 1 +1 +1 1 1

2 +1 3 1 2 3n j n i jn n i k k n i j j n f , . . . , f n α , . . . , α n p P f p n F f , . . . , fα , . . . , α α . . . α P , . . . , f f , . . . , f f , . . . , f α . . . α β . . . α β α . . . α β β β β L et b e a set of p oints on the plane, and a set flo o d lights with angles of il lumination r esp. such that

Then it is always p ossible to assign one flo o d light to e ach p oint of and p osition flo o d lights in such a way that the whole plane is il luminate

15: The Flo o dlight Illumination Problem.

problem of finding an efficient algorithm to solve the Stage Illumination Probor proving that such an algorithm do es not exist, is op en. Even the cases when the flo o dlights are the same size, or all lie on a line segment different from are en. the other hand, the following result was proved in [12]. Supp ose that we ve a set = of flo o dlights with angles of illumination

. Let b e a collection of p oints on the plane. W e say that a flo o dlight assigned to a p oint if the ap ex of lies on . + = the next figure, we show a solution to the plane illumination problem for the of four p oints and four -flo o dlights.

16: F our -flo o dlights that illuminate the plane.

main step in the pro of of Theorem 6.1 is to split the flo o dlights into three t sets , , and such that + + = ,

+ = and + + = such that , and are all less than equal to . The plane is then sub divided into three unb ounded angular “wedges” 2 3 2 3 − } } i i i i i m 6.26.36.4 β i , . . . , w w w i j i j P w w n R p P c P p f c F P , p f cR m d P R F P , p P , p P P y f , . . . , f f F l α . . . α o d light Il lumination Pr oblem of the flo o d light we dge il lumination oblem Flo o d light Il lumination Pr oblem of the Plane has a lower b ound omplexity of .

a d 1 fac et of P L et b e a c onvex p olyhe dr on in with fac ets, a of p oints in and let b e as define d ab ove. Then it is always p ossible to one flo o d light of to e ach p oint of and p osition them in such a way is c ompletely il luminate d. Flo o d light Il lumination of Stages

Optimal Flo o d light Il lumination of Stages pr oblem c an b e solve d time.

most Flo o d light Il lumination Pr oblem ap ertures , = 1 3 such that , and contain exactly , and nts of resp ectively

. Then they solve each of these “wedge illumination separately to obtain a solution to the plane illumination problem. Their leads to an ( log ) time algorithm. F or a time, it was not known if the y of the previous problem, called the was optimal or not.

ated by the pro of of Theorem 6.1, B. Steiger and I. Streinu showed that partitioning of the plane into , and can b e achieved in linear time;

[111, 112 , 110 ]. Moreover, they showed that the defined b efore is in NP

. Moreover, they proved [111 ]:

log ) result has b een generalized to higher dimensions by G. Rote [100 ] in the wing way: Let b e a convex p olyhedron in , and a p oint in the interior of .

h 1 facet of , together with , defines a cone of illumination , consisting of semirays starting at that intersect . Let ( ) = : . ) , the following v ariation of the Stage Illumination Problem can b e ed efficiently

. Let b e a line segment contained in the and a set of p oints on the plane with p ositive -co ordinate. Find a set of o dlights = such that the ap ex of every is lo cated at an element of illuminates , and + + is minimized.

the previous problem, we allow more than one flo o dlight to have its ap ex at the p oint. Czyzowicz, Rivera-Camp o and Urrutia [39 ] proved:

log ) e notice that the solutions obtained in [39] for Theorem 6.4 require two flo o dlights one element of . If we insist that at each p oint we have exactly one o dlight, the problem remains op en.

[48], the for convex p olygons is studied. In problem, we want to illuminate a convex p olygon using at most two flo o dlights such a way that the sum of their sizes is minimized. In [48 ] the following result is ved: m } { } ⌋ ⌋ ⌋ 1 4 6.56.66.7 Flo o dligh t illumi nati on of orthogonal p olygons n k k k > l k P , . . . , f m α , . . . , α . . . α π m P n l ef t bottom r ig ht ef t top Two Flo o d light Il lumination Pr oblem for c onvex p olygons with es c an b e solve d in time.

e a set of flo o d lights of sizes such

, lar ge enough and a c onvex p olygon with vertic es, Then it is not always p ossible to il luminate by assigning at most one o d light to e ach vertex of .

gonalny ortho gonal p olygon with vertic es c an always b e il luminate d usat most ortho gonal vertex flo o d lights. If the flo o d lights ar e al lowe d to b e e on the b oundary of the p olygon, suffic e. Both b ounds ar e tight.

ottom b ottom-left ) is not known if the algorithm to solve the previous problem is optimal. The - o dlight illumination problem, that is the problem of illuminating a convex p olygon flo o dlights, 3, such that the sum of their sizes is minimized, is op en.

t this p oint we do not even know if the flo o dlights have to b e lo cated at vertices of p olygon to b e illuminated. Moreover, we do not even know if there is a constant h that if then the optimal solution to the -flo o dlight illumination problem at most flo o dlights. W e know, however, that if the vertices of are co circular, wo flo o dlights suffice.

e close this section with a result of O’Rourke, Streinu and Shermer related to

Three-Flo o dlight Illumination problem presented in Section 3.4. As we showed

Theorem 3.1, any convex p olygon can always b e illuminated with three vertex o dlights such that the sum of their sizes is . O’Rourke, Streinu and Shermer [99 ] wed that in general, Theorem 3.1 cannot b e extended. In a very nice pap er they ve: + = op en problem is that of determining the smallest integer for which Theorem 3.1 b e generalized. W e do not know if Theorem 3.1 can b e extended, even for the case

4; see [99 ].

or orthogonal p olygons, the first result was obtained by Estivill-Castro and Urru-

[48]. A flo o dlight is called if it is of size .

pro of for the vertex guards was proved by obtaining four different nation rules as follows: Classify the edges of an orthogonal p olygon into four yp es, , , and edges. The illumination rule is now defined follows: At the top vertex of all edges, and at the left endvertex of all edges, an orthogonal flo o dlight that illuminates the angular sector to 2 . It is easy to that these flo o dlights illuminate . In a similar way

, we can define the , illumination rule. An easy counting argument shows one of these illumination rules uses at most flo o dlights. The examples in

17 achieve this b ound. h h 6.8 ⌋ ⌋ ⌋ ⌋ 4 +4( 1) gonal vertex flo o d lights ar e always sufficient and o c- asional ly ne c essary to il luminate any ortho gonal p olygon with vertic es and holes. b ound is tight.

17: Orthogonal p olygons that need orthogonal flo o dlights pro of for the b ound follows an idea similar to that used by Edelsbrunner, e and W elzl [43] in the pro of of Theorem 4.3. It is interesting to p oint out here the b ound of obtained in Theorem 6.7 is the same as that of Theorem 4.3 for l p olygons using vertex guards. Thus Theorem 6.7 provides a new pro of for

4.3.

result was later extended to orthogonal p olygons with holes by Ab ello, Estivill-

Shermer and Urrutia [1]. They showed:

18: An orthogonal p olygon with holes that needs orthogonal flo o dts. ⌋ − ⌉ -flo o dligh ts 6.96.26.10 < π P P α π e π e P < π P P c < n n π π π n n > or any ther e is a p olygon that c annot b e il luminated by an flo o d light at every vertex of .

many vertex flo o d lights ar e always sufficient to il luminate any olygon with vertic es? Is ther e a such that any p olygon with vertic es c an b e luminated with vertex flo o d lights?

oint -flo o d lights ar e always sufficient to il luminate any es, .

6.8 gives the first tight b ound for vertex guards of orthogonal p olygons holes. results of Theorem 6.7 motiv ated the study of the following problem, p osed by

Is there an such that any p olygon can b e illuminated by placing

-flo o dlight at every vertex of ? It is easy to see that = is sufficient. T ake y triangulation of , cho ose an ear of it and place a -flo o dlight at the vertex degree two of . Cut off from and pro ceed by induction. The original v alue by Urrutia was = . O’Rourke and Xu [98 ] disproved this conjecture.

reader can easily verify that the p olygon shown in Figure 19 cannot b e illuminated y placing a -flo o dlight at each of its vertices. Shortly after their result was proved, was extended by Estivill-Castro, O’Rourke, Urrutia and Xu [46 ]. They proved the wing result:

19: O’Rourke and Xu’s p olygon cannot b e illuminated by a -flo o dlight at each ertex. is now natural to ask the following op en question:

Santos pro duced a family of p olygons with 5 + 1 vertices that require 3 - ertex flo o dlights. The only known upp er b ound at this time is 2 which is obviously tight.

or p oint flo o dlights, Bunting and Larmann [15 ], and indep endently Csizmadia T´ oth, proved in 1992 that ( + ) -flo o dlights suffice. In a recent pap er, and T´ oth proved [31]: 3) +4 ⌉⌈ − ⌉ ⌋ ⌋ n π P P T α α n n 6.1 7.17.2 Illuminating families of con v ex sets on the plane o e always sufficient to il luminate any p olywith vertic es. sour c es ar e always sufficient and o c c asional ly ne c essary to luminate any family of disjoint close d cir cles.

al et al e always sufficient and o c c asional ly ne c essary to luminate any family of homothetic triangles.

20: Santos’ p olygons with 5 + 1 vertices, which require 3 -vertex flo o dlights.

o prove Theorem 6.10, Csizmadia and T´ oth first find a triangulation of .

using the dual tree of , they show that they can cut along a diagonal of hosen appropriately

. They then pro ceed by induction on the numb er of vertices of .

rom Theorem 6.10, it follows that ( 3) -p oint flo o dlights are always t to illuminate an -vertex p olygon. This b ound is not optimal; for example is easy to see that 2 -p oint flo o dlights always suffice to illuminate any p olygon vertices, and for = , the previous formula yields a v alue greater than 2.

pro of of Theorem 6.10 leads to a linear time algorithm. W e close this section with following conjecture:

[121 ] wrote a survey (in Spanish) containing many results on flo o dlight nation problems. we mentioned in Section 3.3, F ejes T´ oth showed in 1977 that any family of t compact convex sets can always b e illuminated with at most 4 7 light

3. This result was rediscovered in 1989 by Zaks and Urrutia [122 ]. F ejes oth also proved: 2 result was rediscovered again by Coullard [28] and Czyzowicz [35].

wicz, Rivera-Camp o, and Urrutia [34] also studied the problem of illuminating of triangles and rectangles. They proved that any family of disjoint triangles always b e illuminated with at most guards. They also showed: 1 1 n ⌋ ⌋ +3+3

7.3 n k n n n k ny family of disjoint -gons c an always b e il luminated with at lights.

example shown in [34 ] can b e slightly mo dified to obtain a lower b ound of ts, instead of 1 for Theorem 7.2; see Figure 21.

21: A family of homothetic triangles that requires oint lights.

e now prove:

o prove this result, we simply enclose all the elements of within a triangle.

can now b e considered as a p olygon with + 3 vertices with holes. Thus by

4.5 the elemen ts of can b e illuminated with at most lights. Our follows.

or = 3, this slightly improves on Czyzowicz, Rivera-Camp o, and Urrutia’s [34 ] on triangles.

are still some small gaps left b etween the upp er and lower b ounds to illumifamilies of rectangles and triangles. The lower b ounds are:

1 to illuminate families of isothetic rectangles to illuminate any family of homothetic triangles op en problem is that of closing these gaps, and of establishing non-trivial lower ounds for the general case of triangles. F urthermore, Theorem 7.3 provides an upp er ound for the problem of illuminating families of convex -gons, 3. None of these ounds, I b elieve, are tight. It would b e of interest to tighten them, particularly for the when 12 where b etter b ounds are obtained using F ejes T´ oth’s Theorem 3.3.

or the case when our sets are arbitrary disjoint triangles, we conjecture: h n ⌋ ⌋ ⌋ ⌋ ⌈ ⌉ ⌋ ⌋ ≥ +3 1 2 +3 7.1 7.47.57.67.7 n c c c n n > n n n c m m n E c T n T T n ] Ther e is a c onstant such that p oint lights ar e sufficient il luminate any c ol le ction of triangles ny family of disjoint r e ctangles c an b e il luminated with at most sour c es. fr e e sp ac e gener ate d by any family of disjoint p olygons with a of vertic es c an b e il luminate d with at most p oint lights. Ther e ar e that r e quir e lights.

lights ar c c asional ly ne c essary il luminate the fr e e sp ac e gener ate d by a family of disjoint p olygons with vertic es. or any c omp act c onvex set in , ther e is a c onstant such every family c onsisting of mutual ly disjoint c ongruent c opies of c an b e luminated with lights.

or families of disjoint isothetic rectangles Czyzowicz, Rivera-Camp o, and Urru-

[34] proved that guards suffice, and conjectured that + would suffice, constant. This conjecture can easily b e obtained from Theorem 4.6. W e now prove: 1 o prove our result, we enclose the elements of by a big rectangle, and consider as an orthogonal p olygon with holes. The total numb er of vertices is now 4 + 4.

Theorem 4.6 this can b e illuminated with + 1 light sources.

erett and T oussaint [51] proved that any family of disjoint squares, 4, can ays b e illuminated with p oint lights. Everett, Lyons, Reed and Souv aine [49] also wed that if the squares are such that they all intersect a line , then + 2 lights sometimes required and + 7 are always sufficient. They also gave ( ln ) algorithms to place the , and + 7 lights resp ectively . ´ ıa-L´ op ez [55] studied the problem of illuminating the free space generated by family of disjoint p olygons, i.e. the complemen t of their union. Using Theorem 4.5 showed:

Theorem 4.5 this leads to an ( ) time algorithm. F or vertex lights Garc ´ ıa- op ez proved: pro of of Theorem 7.6 leads to an ( ln ) time algorithm to find the ertex lights.also proved that to illuminate the free space generated by any family of dist quadrilaterals, 2 vertex lights are always necessary and o ccasionally sufficient, that p oint guards are always sufficient. He conjectured that the free space by disjoint quadrilaterals can always b e illuminated by + p oint lights, constant.conjecture was proved to b e false by Czyzowicz and Urrutia [41]. They proa family of = 3 3 quadrilaterals such that to illuminate the free space generate requires 4 4 p oint lights, 4; see Figure 22.

illumination problem for higher dimensions is completely different. In [38 ] is shown that there are families of ( ) b oxes such that to illuminate the free generated by them requires ( ) light sources. On the other hand, Czyzowicz,

Rivera-Camp o, Urrutia and Zaks [40] proved: ) − ⌋ ⌉ ⌋ 7.8 m m n n P G Illuminati ng line segmen ts on the plane ds ar e sometimes ne c essary and always sufficient to over the plane in the pr esenc e of disjoint line se gment obstacles, wher e the guar ds b e statione d on top of an obstacle, .

22: An example of family of with = 3 3 quadrilaterals that requires 4 4 oint lights to illuminate the free space they generate, = 6.

particularly interesting problem is that of illuminating the plane in the presence of represented by collections of disjoint line segments, or illuminating the line ts themselves. J. O’Rourke [96] proved:

is a brief outline of O’Rourke’s pro of: Let b e a collection of disjoint line ts, no two of which are parallel. One by one, extend the line segments until hit another line, or extension of another line of . This pro duces a partitioning the plane into + 1 convex sets with disjoint interiors. T ake the dual graph

; see Figure 23(a). It is now easy to see that satisfies the conditions of

Theorem 2.2, and thus has a matching of size at least . If two regions matched, we guard them with the same guard; to each unmatched region, we assign different guard. It is easy to see that this rule uses at most p oint guards. The when parallel lines app ear can b e handed in a similar way . the guards are required to b e at endp oints, then Shermer and Bo enke showed guards are sometimes needed and always sufficient [96].

problem of illuminating families of line segments leads to an interesting v ariathe illumination of a p oint of a line segment can b e achieved by lo cating a light

(a) (b)

⌋⌉ − ⌉ ⌊ ⌋ F x y n F F n F F n > Illuminati ng using line segmen ts 7.97.107.11 ds ar e always sufficient to il luminate any family line se gments. If the elements of ar e al l p ar al lel to the - or -axis, e. any set of p airwise disjoint line se gments, it is p ossible to a subset with at most elements such that every element of is se en at le ast one p oint on one of the elements of . The b ound is tight.

ny family of disjoint c omp act c onvex sets c an always b e il lumid with at most line se gments, .

23: (a) A family of line segments, their extensions and their dual graph.

An example where vertex guards are needed to illuminate the plane.

at either side of . The first result in this direction was obtained by Czyzow- Riv al and Urrutia [33]. They proved that any collection of line segments can ays b e illuminated using at most line segments. This result was improved by wicz, Rivera-Camp o, Urrutia and Zaks [37]. They proved:

pro ofs of these b ounds are obtained by generating planar graphs which satisfy and T utte’s theorems for matchings in planar graphs. They follow similar to those used by O’Rourke in the pro of of Theorem 7.8.

line illumination problem was studied by Jennings and Lenhart [77]. They ere concerned with the following problem: Given a family of disjoint line segts, find a subset of such that every element of is visible from at least one oint in an elemen t of . They proved:

e now consider the problem of illuminating families of disjoint compact convex sets line segment illuminators. Our line segments are not allowed to intersect any of compact sets. Using the same idea used to prove F ejes T´ oth’s Theorem 3.3 we can ve: 2 } } ∪ 7.2 S , . . . , S n T , . . . , T H . . . T H H n G > G G i , . . . , n n n c ] Any family of disjoint line se gments c an always b e il luminate d at most light sour c es, a c onstant.

a family = of disjoint compact convex sets. Find a famof sets = as in the pro of of Theorem 3.3. Let b e the complemen t . Again the worst case arises when is partitioned into triangular faces.

e now construct a graph whose vertex set is the faces of , two of which are adjat if they have two common elemen ts of on their b oundaries; see Figure 24. Notice has 2 4 vertices. The degree of each vertex of is 3, and it is 3-connected,

Therefore by a well known result in graph theory

, has a p erfect matching.

e that if two triangular faces of are adjacent in , they can b e illuminated y a common line segment not intersecting the of any , = 1 . Using p erfect matching of , we can now cho ose 2 line segments to illuminate all the of , except the outer one, which needs an extra line segment, i.e. we use 1 ts in total. These line segments also illuminate all the elemen ts of , and our follows. 24: Illustration of pro of of theorem on illuminating disjoint compact convex is easy to see that the family of circles shown in Figure 32 (see page 42) requires line segment illuminators.

e close this section with the following conjecture:

S

s W n 8.18.2 The W atc hman Route Problem W atc hman, Robb er, Safari, and Zo o-k eep er’s Routes

Watchman R oute p oint

Optimum Watchman R oute for ortho gonal p olygons c an b e solve d line ar time. F or p olygons with holes the pr oblem is NP-har d, even if the holes ar e onvex or ortho gonal.

Watchman R oute Pr oblem for simple p olygons c an b e solve d in following guarding problem, known as , was intro duced by and Chin [22]. Supp ose a guard has to patrol a p olygon . T o do this, he ust find a closed walk starting and ending at a such that every oint in is visible from some p oint in ; see Figure 25. In order to minimize the the guard has to travel, we would like to find the shortest p ossible route the can use. The following result was proved by Ntafos and Chin [22]:

NP-hard part was proved by reducing the Geometric T raveling Salesman Probto the W atchman Problem. The NP-hardness for orthogonal case follows from the ation that the Geometric T raveling Salesman Problem remains intractable even the Manhattan distance. T o find the W atchman Route in orthogonal p olygons, and Chin first identify edges that have to b e present in the route, then “unroll” remaining p olygon by reflecting it around several of its edges.

25: A watchman route.

another pap er, Chin and Ntafos [23] proved that the W atchman Problem for p olygons can b e solved in p olynomial time. They showed: ) techniques similar to those of Chin and Ntafos, T an, Hirata and Inagaki [116 ] an ( ) algorithm to solve the W atchman Route Problem. Finally

, using a and conquer approach, the same authors [117 ] showed: n m O n n O n n n m 8.38.18.4Watchman R oute Pr oblem c an b e solve d in time. sp e cifying a starting p oint the Watchman R oute Pr oblem without an initial starting p oint b e d in p olynomial time?

e is an time algorithm that finds a watchman r oute in orgonal p olygons whose length is within times of the optimal watchman oute, wher e is the minimum numb er of e dges in a r e ctiline ar optimal watchman oute. ) W atchman Route Problem remains op en.

of the most interesting problems here, due to Chin and Ntafos [23 ], is:W atchman Route Problem is that of finding a watchman route which a watchman is required to patrol the of a p olygon. Ntafos and ali [94] gave an ( ) time algorithm for finding a shortest external watchman for a simple p olygon. In the same pap er, linear time algorithms to solve the atchman Route Problem for monotone, convex, or rectilinear p olygons are given.

and W o o d [90] obtained a linear time algorithm to find a shortest watchman internal as well as external, in spiral p olygons. In the same pap er, they also the problem of finding optimal routes for watchmen in a spiral p olygon.

give an ( ) algorithm for this case.

ali and Lombardo [59 ] studied the problem of finding the optimal watchman to guard the exterior of two convex p olygons such that their total numb er of ertices is . They gave an ( ) algorithm to solve this problem. This was recently ved by Gewali and Ntafos [62] to ( ). It is b elieved that an ( ln ) algomay exist to solve this problem. The shortest external watchman route for two vex p olygons need not b e in contact with their b oundary; this is the main source difficulty for finding the shortest route; see Figure 26.

26: An external watchman route that do es not intersect the b oundary of two vex p olygons.interesting result was obtained recently by Mata and Mitchell [88] concerning ximation algorithms to find watchman routes in p olygons in orthogonal p olygons holes. They showed: ) ) | | | 3 8.58.6 P e n S P x S W T S n n S n T n n k k n k n l og n The Robb er Route Problem

The Zo o-Keep er’s and the Safari Route Problems R obb er R oute Pr oblem R obb er R oute Pr oblem c an b e solve d in time for arbitr ary olygons, and in time in ortho gonal p olygons.

ast-risk Zo o-ke ep er Safari R outes R oute o-Ke ep er R outesZo er’s Pr oblem c an b e solve d in time.

shortest watchman route in which the starting p osition is not sp ecified is muc h to solve. It is generally b elieved that this problem can b e solved in p olynomial for simple p olygons, however to our knowledge, no efficient algorithm to solve this is known. In a recent pap er, Kumar and Madhav an [81] give an algorithm to e the watchman route without a starting p oint for p olygons that contain an edge h that every p oint of is visible from some p oint in . Their algorithm works in ). v ariation intro duced by Ntafos [92] is called . Cona set of p oints and a set of edges of a p olygon . Our goal is to find a closed alk starting and ending at a p oint such that every p oint on an element of is from a p oint in while is not visible from any p oint in . One could think the elements of as threats, and the elements of as sights one may wish to see.

has at most elemen ts, Ntafos proves [92]:

) + + ) problem closely related to the Robb er Route Problem, intro duced by Gewali,

Mitchell, and Ntafos [60], is the computation of watchman routes inside a olygon with threat sources. The ob jective is to determine a watchman route that izes total exp osure to threats; such a route is called the watchman

It has b een shown that a least-risk watchman route through a sp ecified p oint the b oundary of a simple orthogonal p olygon with threats can b e constructed

( ) time [60].

and Ntafos also considered two v ariations to the watchman route that they called . In these problems, our ob jective is to walk within p olygon containing “sites” one wishes to visit. These sites are represented by olygons within . In the Problem we are allowed to enter the sites, one do es when visiting pavilions at an exhibition. In the , we not allowed to enter the sites, as a zo o-keep er who has to feed the animals, but es not enter their cages. They showed that in general, these problems are NP-hard.

wever if the sites are attached to the b oundary of , efficient solutions can b e under this condition, Chin and Ntafos [24 ] proved: ) result has b een improved by Hershb erger and Sno eyink [70 ] who obtained an

) algorithm to solve this problem.

has also b een able to obtain a p olynomial time algorithm to solve the Safari

Problem, again under the restriction that the sites are attached to the b oundary

, in [93]. He shows:

2 2 2 2

8.78.8 n d O n W P n n m O n m Vision p oin ts on w atc hman routes

Safari R oute Pr oblem c an b e solve d in time.

d visibility alA quarium Ke ep er’s Pr oblem p ointsthe minimum numb er of vision p oints along a shortest watch- r oute is NP-har d. ) the same pap er, Ntafos studies watchman routes under . In this text, he defines p oints to b e -visible if they are visible and at distance at most each other. In [93] Ntafos gives approximation algorithms for the -W atchman i.e. finding a closed path that covers all of the b oundary of , and the eep er problem, i.e. a path that covers the whole p olygon.

interesting case arises when the sites to b e visited are exactly all the edges of p olygon . Czyzowicz gave an ( ) time algorithm to solve this case. They this problem [32].

Nilsson and Ntafos [17 ] studied another v ariation of the W atchman Route

In this v ariation, the guard is restricted to move along a path such that of is visible from . However, the guard surveys the p olygon around him only some selected p oints of from which he can cover all of . They call these p oints

The motiv ation here is that we could think of a watchman route as an wire that covers all of . The vision p oints are the lo cations along the wire we need to install lamps to illuminate ; see Figure 27. Their problem is that determining the minim um numb er of vision p oints or lamps needed to illuminate

They show:

27: An example where 3 vision p oints are required.

or histograms, however, they can solve this problem in linear time. In the same er, they also solve the problem of finding the b est -watchmen routes for his-

Their algorithm runs in ( + ) time using ( ) space. { } ̸ j 9.1 Mobile guards 3 2 3 2 The Hun ter’s Problem n n m O nm n O n O n x x x x i, j, k , , i j k n n n f n f P P ar cher Hunter’s Pr oblem ar e always sufficient, and o c c asional ly ne c essary to atch a pr ey in any p olygon with vertic es. results on watchman routes can b e found in Nilsson’s Ph.D. Thesis [89].

studies watchmen routes for spiral, doughnut, histogram, and Alp p olygons. F or he shows that the numb er of vision p oints required to cover a p olygon can e arbitrarily large, and if no general p osition is assumed, an infinite numb er of vision oints may b e required. He also shows that finding minsum-watc hmen routes in p olygons can b e done in ( ( + )) time using ( ) space.

ery few results dealing with parallel algorithms for W atchman Route Problems ve b een obtained. Gewali and Sto jmenovic [63] have shown that a shortest external atchman route for a convex p olygon can b e computed in (log ) time using ( ) cessors in the CREW-PRAM computational mo del. In the same pap er it is proved a shortest external watchman route for a convex p olygon can b e computed in

) time on a hyp ercub e with ( ) pro cessors.

this section we study several problems similar to W atchman Route Problems. In trast to staionary guards, which are not allowed to move, in the following set of guards are required to move. This drastically reduces the numb er of guards to patrol a p olygon.

and Y amashita [115 ] considered a search problem in which b oth a guard and a er are allowed to move freely within a p olygon. The guard moves with b ounded elo city

, and the robb er moves with unb ounded velo city

. They study v ariations in h the guard can see in all directions at once, or in a fixed numb er of directions, h, as in the searchlight problem, can change continuously

. They call such a guard

- . They show that there are p olygons which are 2-searchable but not 1- hable. They also give some necessary and some sufficient conditions for a p olygon b e searchable. F or example they prove that if a p olygon is 1-searchable, it has no oints , , and such that the shortest path b etween and is not visible from

1 2 3 , = = .

called the previous problem [107]. In his formulaof the problem, a hunter tries to catch a prey that is trapp ed within a p olygonal

The prey is considered caught if it comes within sight of the hunter. As do and Y amashita, he assumes that the prey can move at an arbitrarily large eed, while the hunter moves with b ounded velo city

. Urrutia proved:

) ( ) b e the minim um numb er of hunters needed to catch a prey in an vertex olygon . W e now show that ( ) ( ) + 1. This will prove our result. W e find a diagonal that splits into two subp olygons and of size at most .

a hunter at an endp oint of this diagonal. This will ensure that no prey can

s t

2 1 2

The Tw o Guard Problem P P P O n T t s t t s n n k aight Walk Pr oblem al Walk Pr oblem from to . Next scan first, and then . This can b e accomplished with at

( ) hunters. Our result now follows. A family of p olygons that require (ln ) unters can b e obtained from a binary search tree as follows: first draw on the without crossing edges, and then substitute a sequence of three narrow corridors each edge of as in Figure 28.

28: A binary p olygon.

king and Klein [76] intro duced the following problem: Let b e a simple p olygon, and two p oints on its b oundary

. If we place two guards at , can we move them

, one in the clo ckwise direction and the other in the couter-clo ckwise direction along b oundary of , while they remain mutually visible all the time? This is called the

29: A two-walk able p olygon.

king and Klein study several v ariations to the problem. In one of them, the are allowed to backtrack. They call this the . They also the case when one guard moves from to while the other moves fron to . F or General W alk Problem, Icking and Klein [76] present an ( ln + ) constructive where is the numb er of times b oth guards have to backtrack. They show n 9.29.3 Lazy guards T reasures in art galleries Str aight And Counter Walk Pr oblem c an b e solve d in line ar time.

cide L azy Guar d Pr oblem n optimal plac ement of stations for lazy guar ding a simple p olygon an b e found in line ar time.

their algorithm is optimal by showing that computing a general walk has a lower ound of Ω( ln ).

or the straight and the counter walk version of their problem they give ( ln ) algorithms. These results were improv ed by Heffernan [68 ] who proved:

also gave a Θ( ) time algorithm to if a p olygon with vertices a general walk. Notice however that unlike Icking and Klein’s optimal ( ln ) optimal constructive algorithm, Heffernan’s result do es not pro duce the actual alks that the guards have to walk.

, Meijer, and Rappap ort [26 ] studied the following v ariation of mobile guards, h they call . Given a p olygon , cho ose a minim al umb er of stations (p oints) in the p olygon such that a mobile guard that visits all guards ; see Figure 30. They proved:

also show that the Lazy Guard Problem is NP-complete for p olygons with

30: Three guard stations suffice to guard this p olygon.

and Joshi [42 ] studied the following problem: Supp ose we have a numb er of aluable treasures in a p olygon . What is the minim um numb er of mobile guards to patrol in such a way that each treasure is always visible from at least one } ⌋ n Miscellaneous

9.410.1 P olyhedral terrains n t min tn, l n n P P H P S H e a p olygon with vertic es, and weighte d tr e asur es. Finding vertex guar d that maximizes the weights of the tr e asur es it se es c an b e done in olyhe dr al terr ain ny triangulation of the plane c an b e guar de d with at most e dge ds. They show that their problem is NP-hard, and give some heuristic algorithms solve it.

and Jonsson [16] assigned weights to the treasures in the gallery

, and ed for the problem of finding the problem of placing a guard in the gallery in such way that the sum of weights of the treasures visible to the guard is maximized. They w: ln + ) also study the problem when the treasures are lo cated at vertices of , on b oundary

, or in the interior of .

b e a p oint set on the plane. A triangulation of is a sub division of the vex hull of into a set of triangles with disjoint interiors such that the vertices all these triangles are elements of . A is defined in Bose, T oussaint and Zhu [14] to b e a triangulation of a p oint set on the plane.

set of vertices (resp. set of edges) guard a p olyhedral terrain if every face of a vertex in (resp. has an endp oint of an edge of ). The following result is to Rivera-Camp o and Everett [50].

31: A 6-vertex terrain that needs two edge guards, and a 7-vertex terrain that

3 vertex guards.

pro of uses a nice argument based on the F our Color Theorem. Bose, Shermer, oussaint and Zhu [14 ] then proved: nn n ⌋ ⌊ ⌋ ⌋ ⌉ ⌊ ⌋ ⌉ ⌋ n S g n > < n R Q Q 4 2 2 2) 2 2) 10.210.310.4 Protecting con v ex sets

Co op erativ e guards e always sufficient and o c c asional ly ne c essary to d an -vertex p olyhe dr al terr ain. e dge guar ds ar e sometimes ne c essary.

e always sufficient and o c c asional ly ne c essary to ote ct any family of disjoint c onvex sets, . o op er ative guar ds o ative for simple p olygons is d. F or spir al and -spir al p olygons, this pr oblem c an b e solve d in line ar time.

provide linear time algorithms to place vertex guards and edge resp ectively

. An interesting problem arising from the pro of by Everett and era-Camp o was to prove Theorem 10.1 without the use of the F our Color The-

This was recently achieved by Bose, Kirkpatrick, and Li [13 ]. They proved

10.1 using the fact that any bridgeless cubic graph always has a p erfect hing. Their pro of enabled them to obtain an ( ) time algorithm to place at edge guards and vertex guards to guard a p olyhedral terrain. v ariation to the Art Gallery Theorem was prop osed by Czyzowicz, Riverao, Urrutia and Zaks [36]. In this case, we say that a set is protected by a if at least one p oint in the b oundary of is visible from . The motiv ation is that as long as we can see part of an ob ject, it has not b een stolen. In [36] they ve the following results:

the same pap er, the following results are also proved:

guards are always sufficient and are sometimes necessary to protect any of isothetic rectangles or any family of homothetic triangles.

guards are always sufficient to protect any family of triangles.

There is no constant 1 such that every family of convex sets in can b e with guards.

again, most of the pro ofs are based on T utte’s and Nishizeki’s theorems.

family of circles that requires guards is shown in Figure 32.

concept of was prop osed by Liaw, Huang and Lee [84 ]. Let e a set of p oints contained in a p olygon . The visibility graph of is the graph vertex set in which two elemen ts of are adjacent if they are mutually visible.

set of guards is called if they guard all of and their visibility graph is

The idea b ehind this concept is that it could b e dangerous for a guard to e stationed in an isolated lo cation, unable to comm unicate with other guards.

main result in Liaw, Huang and Lee’s pap er is um Co op erative Guards Problem ⌋ ⌋2) P P P P δ P P e 10.510.6 Guarding p olygons using consecutiv e edges or v ertex d guar e always sufficient and o c c asional ly ne c essary d a p olygon with vertic es. o ds ar e always sufficient and o c c asional ly ne c es- d a p olygon with vertic es. cak visibility str ong visibility

32: A set of circles that needs guards to protect them.

pro of for NP-hardness follows directly from the pro of of Lee and Lin [82] that

4.1 is NP-complete.

binatorial b ounds for the minim um numb er of co op erative guards needed to a p olygon were given by Hernandez-Pe ~ nalver in [71]. He studied what he called that is, sets of guards in which each guard is “guarded” by at least other guard. He proved:

then shows that any p olygon with vertices can always b e guarded with

And since co op erative guards are watched guards, he established:

problem of determining if an arc of the b oundary ( ) of a p olygon guards it also b een studied in the literature. By an of ( ), we understand a contiguous of ( ) b ounded by two arbitrary p oints, not necessarily vertices of , on ( ).

first result in this direction was obtained by Avis and T oussaint [6]. They gave optimal linear time algorithm to determine the visibility region of an edge of , is, the set of p oints in visible from at least one p oint on . They also studied problem of finding the set of p oints visible from p oint in . They call the firstand the former . In 1992, Chen [20] develop ed − ⌋ 10.710.810.9 n O n n n n n n > n P O n n O n n n n P k k P m -guarding

Minimizi ng and maximizin g visibil i t y or even (r esp. o dd) vertex guar ds (r esp. ) ar e always and o c c asional ly ne c essary to guar d any p olygon with vertic es, .

shortest guar ding b oundary chain and the smal lest guar ding set c onse cutive vertic es of a p olygon with vertic es c an b e found in time.

most one guar d p olygon c an b e -guar de d with at most guar ds. Every olygon c e -guar de d with at most guar ds. optimal parallel algorithm to compute the visibilit y region of an edge of a p olygon.

algorithm works in (ln ) time using ( ) pro cessors in the CREW-PRAM mo del.

ellanas, Garc ´ ıa-L´ op ez and Hurtado [2] study the problem of determining the um numb er of consecutive edges and guards required to cover a p olygon . 4 also show that 5 consecutive edge guards are always sufficient and o cnecessary to guard any p olygon with vertices, 5. F or 5, one guard suffices. Their results lead to linear time algorithms.

or the problem of finding the minim um numb er of consecutive vertex and edge sets, they claim an ( log ) time algorithm in the same pap er. Their algocan also b e mo dified to compute the shortest guarding arc of ( ) in ( log ) results were improved by Chen, Estivill-Castro and Urrutia [21 ], who proved:

ln ) also gave parallel implementations of their results that run in (log ) time

( ) pro cessors in the CREW-PRAM mo del.

following problem was p osed by A. Lubiw at the F ourth Canadian Conference

Computational Geometry: Supp ose we want to guard a p olygon using guards in the interior of the edges of and in such a way that edge of is

. How many guards are needed to guard ? F or security we may want to cover every p oint of by guards; for what v alues of is it ossible to -guard ? Shermer noticed that the comb p olygon showed in Figure 33 not 3-guardable. Belleville, Bose, Czyzowicz, Urrutia and Zaks [9] proved: 1 p olygon in Figure 33 with 2 + 1 vertices requires 2 2 guards to b e and 1 guards to 1-guard it. The results in [9] lead to linear time to find those guards.

problem of finding the lo cation for a guard inside a p olygon in such a way that the covered by the guard is maximized or minimized has also b een studied. Intuitiv ely eaking, if we have only one guard av ailable, the b est place to station it is the p oint the largest visibility area. On the other hand, if we want to hide a treasure inside p olygon, the b est place to place it is the p oint that minimizes visibility

. Ntafos and alas [95 ] proved:3 3

10.10

10.11 The Searc hlight Problem m n n O n L L nm n the vertex guar d of a p olygon with vertic es that maxvisibility c an b e done in time. Finding the p oint along the b oundary of maximizes the of visibility c an b e found in wher e is the time it to numeric al ly solve an e quation of de gr e e . b oundary p oint solution for the Minimum Visibility Pr oblem e c ompute d in time for ortho gonal p olygons, and in time for olygons with holes.

chlight Sche duling Pr

33: A 2 + 1 p olygon that is 2-guarded by 2 2 guards and 1-guarded by guards. ) ( ) ) also give an approximation algorithm to the b oundary problem which in

) time pro duces a solution within of the optimal one.

problem of finding the optimal p oint lo cation of a guard that maximizes the y area is op en. It is not known if an efficient algorithm to solve it exists.

problem of finding a p oint on the b oundary of an orthogonal p olygon that izes visibility was studied by Gewali [58]. He showed:

) ( ln ) ali also obtains an ( ) time algorithm for class 3 orthogonal p olygons under visibility

. Two p oints are staircase visible if there is a p olygonal joining them of horizontal and vertical line segments such that any parallel to the - or intersects it exactly once.

Suzuki and Y amashita [113] intro duced the .

searchlight is a stationary guarding device based at a fixed p osition that emits a y of light in one direction at a time. This direction, though, can b e changed, as searchlight is allowed to rotate continuously around its base. A robb er is a p oint can move continuously and with unb ounded sp eed. The Searchlight Scheduling is that of determining a way to move a set of searchlights in a p olygon h that an intruder (the “robb er”) within can b e detected. The intruder is detected if at some p oint in time, it is illuminated by a searchlight. In

34, we show a p olygon with two searchlights, as well as the way we move them that any robb er will b e detected, no matter how he moves. Sugihara, Suzuki and amashita [113 ] obtained necessary and sufficient conditions under which an intruder ⌋ q P P P P 10.110.12 Co v erings and partitioni ngs of p olygons ne c essary and sufficient c onditions for the existence of a ch sche dule for se ar chlights.

shap e d kernel of a p olygon c an b e found in line ar time.

Covering Of Polygons

Partition Of Polygons b e detected using one and two searchlights. They also claim that in linear time, can find a set of searchlights that will always detect an intruder in . In [114], same authors study the case when three searchlights are av ailable. Sugihara, and Y amashita [113 ] p ose the following op en problem:

34: A schedule for two searchlights.

p olygon is called if there is a p oint such that all the p oints of visible from . The of a p olygon is the set of all p oints that see all of .

follows by definition that star-shap ed p olygons are those that can b e guarded with guard. The recognition problem for star-shap ed p olygons was completely settled y Lee and Preparata [83 ]. They showed:

is obvious that finding a minimal star shap ed covering of a p olygon is equivt to find the smallest guarding set of . This leads us to study the following . Find the smallest numb er of convex p olygons to cover a p olygon. Notice that in this case, the p olygons need not have t interiors. . Partition a p olygon into a set of convex p olygons disjoint interiors.

erson and Reckhow [29 ] showed that the Convex Covering Problem is NP-hard.

also showed that the related problems of covering only the edges or vertices of a olygon are also NP-hard. Hecker and Herwing [67] showed that Diagonal Guarding, riangulation T riangle Guarding, and Mobile Guarding are all NP-hard.

and Dobkin [19] proved, surprisingly

, that the problem of finding a minium convex partitioning of a p olygon can b e done in p olynomial time. They proved: 2 2 5 10.1310.14 O n N N n O n N n O N n n P P n n P n n a minimum c onvex p artitioning of a simple p olygon with es into c onvex pie c es c an b e done in time, wher e is the numb er r eflex vertic es of .

a minimum star-shap e d (r esp. c onvex) p artitioning of a sim- p olygon with vertic es c an b e done in time, (r esp. ) e is the numb er of r eflex vertic es of .

estricte d star-shap e e ctangle c over lumination of ortho g- p olygons with ortho gonal flo o d lights. + ) [85] has shown that this problem b ecomes NP-hard for p olygons with holes.

[78] studied the problem of partitioning a p olygon into a set of star-shap ed p olyand convex p olygons such that the vertex set of each of these p olygons is a subset the vertices of the original p olygon. He proved:

log ) ( ln ) the same pap er, Keil also studies partitioning problems in which the length the internal edges used is minimized. Aggarwal, Ghosh, and Shyamasundar [3] ve another approximation algorithm to partition a p olygon into olygons. A restricted star-shap ed p olygon of a p olygon is a star-shap ed subp olygon such that its edges are contained in edges or extensions of edges of . They give

( ln ) time algorithm to find a decomp osition of a p olygon into restricted ed subp olygons such that the numb er of p olygons obtained is within (ln ) of the numb er of subp olygons in an optimal partition.

problem of partitioning a p olygon into a small numb er of convex pieces has een studied by Shermer and by Belleville. Shermer proved that deciding if a p olygon b e covered by two convex sets can b e done in linear time [108 ], and Belleville [8] ved that the same b ound is achiev able for 3-convex coverings.

and Ntafos [86] have studied the problem of partitioning orthogonal p olygons to star shap ed p olygons. F or monotone orthogonal p olygons, they were able to e this problem in linear time. They used this as a basis to obtain an ( log ) ximation algorithm to partition a simple orthogonal p olygon into star-shap ed such that the solution obtained is within six times the size of the optimal erson and Reckhow also showed [30 ] that finding a minim um an orthogonal p olygon is NP-complete. Conn and O’Rourke [27 ] showed that the

Cover Problem for orthogonal p olygons with holes is NP-complete even if e are interested in covering only the reflex vertices. In the same pap er, they showed finding a minim um rectangle cover for the set of convex vertices of orthogonal olygons can b e done in ( ). It is easy to see that this case reduces to that of a maxim um matching in a bipartite graph with vertex set equal to the set convex vertices of an orthogonal p olygon, two of which are adjacent iff they are visible. J. Ab ello, V. Estivill-Castro, T. Shermer and J. Urrutia.

o app ear in International Journal on

Geometry . cutive Guar ds c omplexity of d p olygon de c omp osition.

Art Gal lery The or em: its variations, applic ations and algo- asp e cts.c ombinatorial appr o ach to p olygon similarity.

n optimum algorithm to determine the visibility of p olygon fr om an e dge.

n efficient algorithm to de c omp ose a p olygon into e d pie c es. r estricte d b oundary c overs and c onvex thr e e-c overs.

ding p olygons the plane.

tight b ound for guar ding p olygons with n efficient algorithm for guar d plac ement p olygons with holes. flo o d- il lumination pr oblem.

algorithms for guar ding or il lumithe surfac e of a p olyhe dr al terr ain.

olyhe dr al terr ains.

ding a tr e asury.

M. Ab ellanas, J Garc ´ ıa-L´ op ez, and F. Hurtado. Pro c. of the

Canadian Conference on Computational Geometry

, pp. 393-398 (1994).

A. Aggarwal, S. Ghosh, and R. Shyamasundar.

Computational Morphology

, G. T oussaint,

North Holland, 1-11 (1988).

A. Aggarwal.

Thesis, Johns Hopkins Univ. 1984.

D. Avis, and H. ElGindy

. IEEE ransactions on Information Theory

, , pp. 148-150, (1983).

D. Avis, and G. T oussaint. T rans. Comput. , pp. 910-914 , (1981).

D. Avis and G. T oussaint.

attern Recognition , pp. 295-298, (1981). P . Belleville. T echnical ort, Simon F raser Universit y . In preparation. P . Belleville, P

. Bose, J. Czyzowicz, J. Urrutia, and J. Zaks.

ceedings of the Sixth Canadian Conference on Computational

, pp. 381-386 , (1994).

I. Bjorling-Sachs, and D. Souv aine.

University T echnical Rep ort LCSR-TR-16 5, (1991).

aine.

and Computational Geometry , pp. 77-109, P . Bose, L. Guibas, A. Lubiw, M. Overmars, D. Souv aine, J. Urrutia.

o app ear in International J. on Computational Ge- . P . Bose, D. Kirkpatrick, and Z. Li.

o app ear Pro c. of the Eight Canadian on Computational Geometry

, (1996). P . Bose, T. Shermer, G. T oussaint, and B. Zhu.

o app ear in Computational Geometry

, Theory and Applications.

H. Bunting, and D. Larman. Personal Comm unication (1992).

S. Carlsson, and H. Jonsson. Pro c. Fifth Canadian Conferon Computational Geometry

, pp. 85-90, (1993). d c overs and m-watchmen outes for r estricte d p olygons.

riangulating a simple p olygon in line ar time. c onvex de c omp ositions.

n optimal p ar al lel algorithm for dete cting we ak visibility of a simple olygon. guar ding of p olygons and chains.watchman r outes. r outes in simple p olygons. zo o-ke ep er r oute pr oblem. c ombinatorial the or em in plane ge ometry.

lazy guar ds. r estricte d r e ctangle c overing pr oblems.

luminating a set of disks. p olygons is har d. unifie d appr o ach to ortho gonal p olygon c overing oblems via Dent Diagr ams.

on an art gal lery pr oblem.

aquar- ke ep er’s pr oblem.

S. Carlsson, B.J. Nilsson, and S. Ntafos.

c. 2nd W orkshop on Algorithms and Data

Lecture Notes in Computer Science , pp. 367-37 8, (1991).

B. Chazelle. Discrete and Com-

Geometry , pp. 485-524 , (1991).

B. Chazelle, and D. Dobkin. In Computational

, G. T oussaint, ed., North Holland, (1985).

D.Z. Chen.

c. Eight Annual Computational Geometry Symp osium, pp. 63-72,

D.Z. Chen, V. Estivill-Castro, and J. Urrutia.

c. of the Seventh Canadian Conference on Computational

, pp. 133-138 , (1995). W.P . Chin and S. Ntafos. Information Pro cessing

, pp. 39-44, (1988).

. Chin and S. Ntafos. Discrete and

, , pp. 9-31, (1991).

. Chin, and S. Ntafos. Information Sciences pp 245-25 9, (1992).

V. Chv´ atal. Journal of Combinato-

Theory Ser B , pp. 39-41, (1975). P . Colley

, H Meijer, and D. Rappap ort. Pro c. Seventh

Conference on Computational Geometry

, pp. 121-126 , (1995).

H. Conn, and J. O’Rourke. Proof the 1987 Allerton Conference.

C. Coullard, B. Gamble, W. Lenhart, W. Pulleyblank, and G T oussaint.

uscript, (1989). J. Culb erson, and R. Reckhow. Pro c. 29th Symp osium F oundations of Computer Science, pp. 601-611 , (1988).

J. Culb erson, and R. Reckhow.

ersity of Alb erta TR. 89-6.

G. Csizmadia, and G. T´ oth. Manuscript, (1996).

J. Czyzowicz, P

. Egyed, H. Everett, W. Lenhart, K. Lyons, D. Rappap ort, T.

D. Souv aine, G. T oussaint, J. Urrutia and S. Whitesides.

c. ACM-SIAM Symp osium on Data Structures and pp. 459-464 , (1991).

leries, light matchings and visibility aphs. luminating r e ctangles and in the plane.

luminating lines and cles on the plane.

cting c onvex sets.

il luminating line gments in the plane.

dinge ctangular art gal leries. flo o d light il lumination stages.

luminating c onvex sets. r e asur es in an art gal le ry.

guar ds in r e ctiline ar gal le ries line ar time algorithm for c omputing the visibility olygon fr om a p oint. c ombinatorial pr oblem in Ge ometry.

lumination of p olygons vertex flo o d lights. o d light il lumination of ortho gonal olygons. J. Czyzowicz, I. Riv al, and J. Urrutia.

ADS 1989, Ottawa, in: F. Dehne, J.-R. Sack and N. Santoro, (eds.),

Notes in Computer Science 382, pp. 316-324, (1989).

J. Czyzowicz, E. Rivera-Camp o, and J. Urrutia.

of Combinatorial Theory Ser. B, pp. 1-17, (1993).

J. Czyzowicz, E. Rivera-Camp o, J. Urrutia and J. Zaks.

ersity of Ottawa, Computer Science Department TR-

(1989). J. Czyzowicz, E. Rivera-Camp o, J. Urrutia and J. Zaks.

and Combinatorics , pp. 311-312 , (1994).

J. Czyzowicz E. Rivera-Camp o, J. Urrutia and J. Zaks.

Mathematics , pp. 147-153 , (1995).

J. Czyzowicz, E. Rivera-Camp o, N. Santoro, J. Urrutia and J. Zaks.

Mathematics , pp. 149-157, (1994).

J. Czyzowicz E. Rivera-Camp o, and J. Urrutia.

c. 5th Canadian Conference on Computational Geometry

, pp. 393-

(1993). J. Czyzowicz, B. Gaujal, E. Rivera-Camp o, J. Urrutia and J. Zaks.

Dedicata, , pp. 115-120 (1995).

J. Czyzowicz, and J. Urrutia. Personal comm unication, (1996).

L.L. Deneen, and S. Joshi. Pro c. F ourth Canadian

, pp. 17-22, (1992).

H. Edelsbrunner, J. O’Rourke, and E. W elzl.

Vision, Graphics, and Image Pro cessing , pp. 167-176 ,

H. ElGindy

, and D. Avis.

of Algorithms, , pp. 186-197, (1981). P . Erd¨ os, and G. Szekeres. Comp ositio

, pp. 463-470, (1935).

V. Estivill-Castro, J. O’Rourke, J. Urrutia and D. Xu.

Pro cessing Letters, , V ol. 1, pp. 62-73,

V. Estivill-Castro, and J. Urrutia.

c. Sixth Canadian Conference on Computational Geometry

, pp.

(1994). ⌋ two flo o d light il lumination pr oblem.

luminating squar es on a aversal.

ds ar e sufficient to guar d a p oly- dr al terr ain. il luminating isothetic r e ctangles in the plane.

lumination of c onvex disks.

short pr o of of Chv´ atal’s watchman the or em. prison yar d pr oblem.

oblemas Algor ´ ıtmic o-Combinatorios de Visibilidad.

and Intr actability.

riangulating a simple ds inside ortho gonal p olygons. r outes for a p air of c onvex p olygons.

planning in 0/1/inf d r e gions with applic ations.

grids and ortho gonal p olygons with p erisc op e ds. r outes in the pr esenc e of a p air of c onvex olygons. V. Estivill-Castro, and J. Urrutia. Pro c.

ourth W orkshop on Algorithms and Data Structures, Lecture Notes in Com-

Science 955, Springer V erlag, pp. 62-73, (1995).

H. Everett, K. Lyons, B. Reed, and D. Souv aine.

c. Third Canadian Conference on Computational Geometry

, pp.

, (1991). H. Everett, and E. Rivera-Camp o.

, Theory and Applications.

H. Everett, and G. T uscript, (1990). L. F ejes T´ oth. Acta Math. Acad. Sci. Hung. ,

355-360 , (1977).

S. Fisk. Journal of Combinatorial

Ser B , p. 374, (1978).

Z. F ¨ uredi, and D. Kleitman. Combinatorica , pp.

, (1994). J. Garc ´ ıa-L´ op ez. Ph.D.

Universidad Polit́ ecnica de Madrid, (1995).

R. Garey and D. Johnson. W.H. F reeman and y , New Y ork, 1979.

M. Garey

, D.S. Johnson, F.P

. Preparata, and R.E. T arjan.

Pro cessing Letters , pp. 175-179, (1978).

L. Gewali. Information Sciences ,

1-14, (1996).

L. Gewali, and R. Lombardo.

Notes in Pure and Applied Mathematics, , (1993).

L. Gewali, A.C. Meng, J.S.B. Mitchell, and S. Ntafos,

Journal on Computing, V ol. 2, , pp.

, (1990). L.P

. Gewali and S. Ntafos.

Geometry: Theory and Applications, , pp. 309-334 , L.P Pro c. Seventh Canadian Conference on Computational Geometry , 127-132 , (1995).

external watchman r outes on PRAM, and inter c onne ction network mo dels of p ar al lel c omputation.

oximation algorithms for Art Gal lery Pr oblems.

short pr o of of the r e ctiline ar art gal lery the or em. alize ding and artitioning for r e ctiline ar p olygons.

NP-har d p olygon c over pr oblems.

n optimal algorithm for the two-guar d pr oblem.

the visibility gr aph of a p olygon in time pr op ortional to its n efficient solution to the Zo oke ep er’s Pr ob- ol ling guar ds. the r e ctiline ar Art Gal lery Pr oblem.

art gal lery pr oblem for p olygons holes. gr aph c oloring r esult and its c onse quenc es for the olygon guar ding pr oblems. p e ople in arr angements of se gments.

two guar ds pr oblem.

n art gal lery the or em for line se gments in the

. Gewali and I. Sto jmenovic.

arallel Pro-Letters, , 182, pp. 83-93, (1994).

S. Ghosh. Pro ceedings of

Canadian Information Pro cessing So ciety Congress, (1987).

E. Gy¨ ory . SIAM J. Alg. Disc.

pp. 452-454, (1986). ory , F. Hoffmann, K. Kriegel, and T. Shermer.

ceedings of the Sixth Canadian Confer-

, pp. 302-307 , (1994).

H.-D. Hecker, and D. Herwing. J. Inf.

cess Cyb ern. , pp. 101-108, (1989). P .J. Heffernan. International of Computational Geometry and Applications , pp. 14-44, (1996).

J. Hershb erger.

ceedings of the Third ACM Symp osiuum on Computational Geometry , 11-20, (1987).

J. Hershb erger, and J. Sno eyink.

, pp. 104-109 ,

G. Hernandez-Pe ~ nalver. Pro c. of the Sixth Canadian Con-

, pp. 387-392, (1994).

F. Hoffmann. in Pro c. ICALP

, Springer erlag Lecture Notes in Computer Science pp. 717-728 , (1990).

F. Hoffman, M. Kaufman, and K. Kriegel.

ceedings of the 32nd. Symp osium on F oundations of Computer pp. 39-48 (1991).

F. Hoffman, and K. Kriegel.

echnical rep ort B 93-08, F reie Universit¨ at Berlin,

F. Hurtado, O. Serra, and J. Urrutia.

o app ear in Discrete Applied Mathematics.

C. Icking, and R. Klein. Inter. J. on Computational and Applications , pp. 257-285, (1992).

G.F. Jennings, and W. Lenhart.

attern Recognition Letters , pp. 727-732 (1993). c omp osing a p olygon into simpler c omp onents. r aditional gal leries r e quir e fewer watchevery p olygonal r e gion il luminated fr om some p oint?.

Watchman tours in we ak visibility olygons. c omplexity of art gal le ry pr oblems.

n optimal algorithm for finding the kernel of a olygon. minimum c o op er ative guar ds pr ob- on -spir al p p ower of non r e ctiline ar holes. p artitioning r e ctiline ar p olygons into star-shap e d olygons. c osing p olygonal r e gions into c onvex quadrilater als.

oximation algorithms for ge ometric tours and design pr oblems.

ding art gal leries, metho ds for mobile guar ds. watchmen r outes in spir al p olygons.

ower b ounds on c ar dinality of maximum matchings planar gr aphs. r obb er pr oblem. r outes under limite d visibility.

J.M. Keil. SIAM Journal on V ol. 14, No. 4, pp. 799-817 , (1985).

J. Kahn, M. Klawe, and D. Kleitman.

J. Algebraic and Discrete Metho ds , pp. 194-206, (1983).

V. Klee. Amer. Math.

thly , p. 180, (1969). P .P . Kumar, and C.E.V. Madhav an. c. Fifth Canadian Conference on Computational Geometry

, pp.

(1995). D.T. Lee and A.K. Lin. IEEE rans. Info. Th. , pp. 415-421 , (1979).

D.T. Lee, and F.P

. Preparata.

of the ACM, , pp. 276-282, (1979).

B-C. Liaw, N.F. Huang, and R.C.T. Lee.

c. of the Fifth Canadian Conference on Computa-

, pp. 97-102 , (1993).

A. Lingas. Pro c. 9th Collo quium on Au-

Languages, and Programming, Springer-V erlag, pp. 369-383 , (1982).

R. Liu, and S. Ntafos.

, pp. 771-800, (1991).

A. Lubiw. Pro c. First

CM Computational Geometry Symp osium, Baltimore, pp. 97-106, (1985).

C.S. Mata and J. Mitchell.

c. 11th ACM Symp osium on Computational Ge-

, pp. 360-370 , (1995).

B.J. Nilsson. Ph.D. Thesis, t of Computer Science, Lund University (1994).

B.J. Nilsson, and D. W o o d. Proof the Second Canadian Conference in Computational Geometry

, pp.

, (1990). T. Nishizeki and I. Baybars.

Mathematics , pp. 255-267, (1979).

S. Ntafos. Information Pro cessing Letters , pp. 59-63,

S. Ntafos. Computational Geometry , and Applications, V ol. 1, No. 3, pp. 149-170, (1992).

watchman r outes.

plac ement of guar ds rt Gal lery The or ems and Algorithms leries ne e d fewer mobile guar ds: a variation to Chv´ atal’s Theem. lumination of p olygons with vertex lights.

onvex p olygons with ver- flo o d lights. e ctiline ar c omputational ge ometry.

line ar time algorithm for de c omp osing r e ctiline e d p olygons into c onvex quadrilater als.

d plac ement in r e ctiline ar p olygons.

NP-har d pr oblems for ortho-p olygons. p e ople in p olygons. pr op erties of p olygons. e c ent r esults in Art Gal leries. r e c o gnizing unions of two c onvex p olygons.

tight b ound on the c ombinatorial e dge guar d pr oblem.

S. Ntafos, and L. Gewali. The Visual Computer ,

474-483 , (1994).

S. Ntafos, and M. Tsouk alas. Pro ceedings of the

Canadian Conference on Computational Geometry

, (1991) pp. 122-125 .

o app ear in Information Sciences.

J. O’Rourke. Oxford Universit y Press,

J. O’Rourke.

Dedicata , pp. 273-283 , (1983).

J. O’Rourke, and D. Xu. 90 in Snapin Computational Geometry , V ol. 3, pp. 109-123, (1992).

J. O’Rourke, T. Shermer, and I. Streinu.

Pro ceedings of the Seventh Canadian Conference on Compu-

Geometry

, pp. 151-156, (1995).

G. Rote. Personal Communication. (1993).

J.R. Sack. Carleton Universit y , TR-SCS-54-

J.R. Sack, and G. T oussaint.

ceedings of the 19th Allerton on Comm unication, Control and Computing, Monticello, pp. 21-30, oussaint. Compumorphology

, G.T. T oussaint (editor) Elsevier Science Publishers, pp.

, (1988). D. Schuchardt, and H. Hecker. Math.

Quart. , pp. 261-267, (1995).

T. Shermer. Computing , pp. 109-13 1, (1989).

T. Shermer. Ph.D. Thesis, McGill University , treal, Canada, (1989).

T. Shermer. Pro ceedings of the IEEE, pp. 1384-

(1992). T. Shermer. Pattern Recognition

, pp. 737-745, (1993).

T. Shermer. In prepara- n l og n and ne gative r esults in Computational Ge ometry.

esults on the Flo o d light Il lumi- Pr oblem.

lumination by flo o d lights. se ar chlight sche duling pr oblem.

ching for a mobile intruder in a p olygonal e gion. n incr emental algorithm for c onstructing shortest watchman r oute.

the shortest watchman r outes divide and c onquer.

n time algorithm for triangulating p olygons. r o oms not il luminable fr om every p oint.

factorization of a planar gr aph. p ol ´ ıgonos c on r efle ctor es. onvex sets. e dge guar d pr oblem for spir al p olygons.

gener alize d fortr ess pr oblem using -c onse cutive vertex guar ds. guar ds on a fortr ess.

I. Streinu. Ph.D. The-

Rutgers University

, (1994).

W. Steiger, and I. Streinu. , 87-92, (1994).

W. Steiger, and I. Streinu. Manuscript, (1996).

K. Sugihara, I. Suzuki, and M. Y amashita.

J. Computing, , pp. 1024-10 40 , (1990).

echnical Rep ort, Department of Electrical Engineering and Computer Science ersity of Milwaukee, Octob er 1988.

I. Suzuki, and M. Y amashita.

J. Computing, , pp. 863-888 , (1992).

X.-H. T an, T. Hirata, and Y. Inagaki.

c. ISAC’91, Lecture Notes in Computer Science, pp. 163-175 , (1991).

an, T. Hirata, and Y. Inagaki.

c. 4th International Symp osium on algorithms and

Lecture Notes in Computer Science, , pp. 68-77, (1993).

R. T arjan and C. v an Wyk. ( log )

Journal of Computing , pp. 143-17 8, (1988).

G.T. T ok arsky

. The American

Monthly , V ol. 102, No. 10, pp. 867-879, (1995).

W.T. T utte. J. London Math. , pp. 107-

(1947). J. Urrutia. Actas VI Encuentro de Ge- ´ ıa Computacional, Barcelona, July 1995, F. Hurtado, M. Noy

, and J. T rias

Universitat Polit́ ecnica de Catalunya, pp. 59-73, (1995).

J. Urrutia, and J. Zaks. University of Ottawa TR-89-31,

S. Viswanathan. Pro c. Fifth Cana-

Conference on Computational Geometry

, pp. 103-108 , (1993).

S.N. Yiu. Pro c.

enth Canadian Conference on Computational Geometry

, pp. 139-14 4, (1995).

S.M. Yiu, and A. Choi. Pro ceedings of the Sixth

, pp. 296-301 , (1994).