
���������	�
����
���
���������������
�����
��
������� �"!#��
��$����
��"��
�%

Y &
!#��
����
��
��('*),+�-.���/�*����
��

021436587�9�:<;>=?361A@CB † 1A@CBEDA=?FHG?IKJ2FHFMLONHPQ1 ‡

† R>SUTWVYXMZ\[]T_^a`�bdcfehg�^\XMZ\iWbjb kmlon?pYqordsjtjudvjw4rmxjyok4qYpopfz]{mr
‡ |}SU[~^\T_^\�?^\b��?X���g�^\�UX	����^\TW�/gm[	�UR�SUTWVYXHZ\[]T��?go����gm�MT�bmS�gdif�>�A^\�oS?bo��g2�?X

���M�AT��Mb vjkYkmv4xA�drYu/�UroxYy/��z�vYs4r/��zQ�?�

���f�	�	�����m� � �ObmiW`A¡mboS Q TW[>^]Z\XMX2��bmSUbd^\boSUX�T_ca�Oc6bmZ�[]bo��X��UTW¡o�?X	[~^�bdZ�iWb/¢�X	[~^
�ObmT�Sj^ p bmS Q gmSU�,c6bmZKgmSj`,�OboTWSj^ q TWSj^\XMZ\TWbmZ�^\b Q �8^\�UXMZ\X�T�[2g y £¤��boS?bm^\bmSUX
�	�AZ\VYX�c�Z\bo� p ^\b q ¢¥�?bo[]X TWSj^\XMZ\TWbmZ¦TW[§TWS4^\XHZ\T�bdZ¥^\b Q ¨4eEX�[]�?b/¢©�Ub/¢©^\b���g�Z]^\T_£
^\TWboS$gmS n VYXHZ]^\XM���Oboi_`A¡obmS P TWS Θ(n) ^\TW��X�TWSj^\b>^]Z\X	X§��bmSUbd^\boSUX
[]�Uª?�Oboi_`A¡oboS?[
[]�?�H��^\�Ugd^�gmSj` y £¤��boS?bm^\boS?X �	�?Z\VoX T�Sj^\XMZ\TWbdZ�^\b P T�Sj^\XMZ\[]XM�M^\[�g�^���bm[~^>^}¢�b�bmc
^\�?XK[]�?ªU�Oboi_`A¡obmSU[	¨�e�X ^\�UX	S*�?[]X2^\�?T�[>��g�Z]^\TW^\TWbmS«^\b�c6�?Z]^\�UXHZ��UgdZ]^\T_^\TWboS P TWSj^\b
y £¤��boS?bm^\boS?X$[]�Uª?�Oboi_`A¡obmSU[2[]�U�¬�E^\��gd^�^\�?X�SA�?��ªOXMZ�bdc¥[]�Uª?�Oboi_`A¡oboS?[KS?X	X/�AX/�
^\b��	b�VYXMZ2gmSj`«¡mT�VoX	S y £¤��boS?bm^\boS?XK�M�?Z\VYXKT�Sj^\XMZ\TWbdZ2^\b P TW[ O(log n) ¨<­��AZ�gmi_£
¡mbmZ\T_^\�U��Z\�USU[2TWS Θ(n) ^\TW��X�gmS��E[]�Ugm�	X�¢¥�UTW�¬�®T�[�gmS®TW���?Z\b�VYX	��XMS4^�ªj`EgmS
O(log n) c¯gm�H^\bmZ>T�S�^\T���X�gmS���[]��gd�	X b�VYXMZ¥^\�UX�ªOXM[~^>�AZ\X	V4TWbo�U[�Z\XM[]�Ui_^/¨
° XM`4¢�bmZ¬�?[	±�^]Z\X	X
��boS?bm^\boS?X
�UgdZ]^\T_^\TWboSC�m��bmSUbd^\boSUX��	b�VYXMZfSA�?��ªOXMZ/�M�	T_Z\�	�Ui�g�Z²Z¬g/`
[]�?bjbm^\TWSU¡
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½�78I>¾�=?@8=4NM=A@8I�¿�=jÀAImF�@�L8¾�ÁÂImF�=AÃÂ12B8Im¿�=?¾�5Â=UÄ¬P�NHP6=A@
Π
=4ÃC1A@

n
À?IdFHNHIdÅ�ÄHP6¾�5C3�I�5Â=?3�Æ�G?=A@

P
P6@UNH=�Ç�5<=?ÄMÄHP�Á836Æ�=jÀAIdFM3Q145858P6@8G�ÈCÄHL8Á85<=A36Æ�GA=A@ÂÄdÉ�BOIm@8=4NMImB

{o(Π)
É�PQÄ²NM78I¥Ä¬¾*1A3�36ImÄ¬NÊ@�L8¾�Á<IdF

k
ÄHLC¿	7�NH7C14N¦14@�Æ

y Ë ¾�=?@8=4NM=A@8I�¿�L8FMÀAI�¿�=?@UNM14P6@8IoB�P6@ P ¿d1A@�ÁÂI�¿d=jÀAIdFMImB�ÁUÆ�1jN§¾�=?Ä¬N
k
=AÃ

NH78I�Ä¬LCÁ85Â=?3�Æ�G?=A@CÄ
14@CB�NH78ImP�F�P6@?NMIdFMP�=?FMÄ¦Ì ÍjÎa:YÏÑÐ�P6IdF	14F	¿	78P6¿m143?Ò§IdFHNHPQ¿d143�ÓKIm¿�=?¾�5Â=UÄ¬P�NHP6=A@«Ì ÔjÎ
=4Ã
P
Ç¤¾�=OBOP�ÕCIoBhNH=�LCÄHI�1,78=AFMP�Öm=A@UNM1A3�À�PQÄ¬P6Á8P63�P�N\ÆE¾�1A5×P6@CÄ¬NHIm1?Bh=4Ã�1«ÀAImF¬NMP6¿m143
ÀUPQÄHP�Á8P636P�N\Æ

¾�1A5EÌ Ø4Î¯È�¿�=?@UNM14P6@CÄ§1$ÄHI�N
D
=4Ãf=jÀAIdFM3Q145858P6@8G

y Ë ¾�=A@8=ANH=A@CI�ÄHL8Á85<=A36Æ�GA=A@ÂÄ
=AÃ P ÄHLC¿	7�NM7C1jN
{o(D) = O(log n)

1A@CB
D
FMImÙUL8P6FHIoÄ

O(n logn)
Ä\NM=AF	14GAI?:

Ú.I�58FMImÄHId@UNKN\Û�=�1A3�G?=AFMP�NM78¾*Ä�NM7C1jN�143QÄH=�¿�=?@CÄ¬NHFMLC¿/N�BOIm¿d=A¾�5<=?ÄHP�NMP�=?@CÄ2=AÃ
P
P6@UNH=

y Ë¾�=?@8=4NM=A@8IKÄ¬L8ÁC5Â=?3�Æ�GA=?@CÄ¥ÄHLC¿	7�NH7Â1jN¦NM78I2¾�=?@8=4NM=A@8I2¿d=jÀAImF¥@�L8¾�Á<IdF>P6Ä
O(log n)

:�½�78IoÄ¬I
1436GA=AFMP�NH78¾*ÄE7C1YÀ?I×NM78IÜ1AB8ÀY1A@UNM14G?ImÄ�NH7Â1jNhNH7CIdÆÝ58FH=OBOLÂ¿�IÞBOIm¿d=A¾�5<=?ÄHP�NMP�=?@CÄEFHIoÙUL8P�FMP6@8G
Θ(n)

Ä\NM=AF	14GAI?É�NM78IdÆÞFML8@ÑP�@
Θ(n)

NHP6¾�IAÉ§14@ÂB©NM78I�B8Im¿�=?¾�5Â=UÄ¬P�NHP6=A@CÄ�=AÃ
P
¿�=?@CÄ¬NHFMLC¿ ËNHImBE1AFHI$5C1AF¬NMP�NMP�=?@CÄdßUNM7C1jN�PQÄ�NH7CI�P�@UNHImFHP6=AF	Ä�=4Ã
NH78I�ÄHL8Á85<=A36Æ�GA=A@ÂÄ�B8=*@8=4N =jÀAImFH3Q145�:

Ú.I,ÕCFMÄ¬N�58FMImÄHId@UN�1®5C14FHNHP�NHP6=A@©=AÃ
P
=4Ã�P6@?NMIdFMImÄ¬N�P6@©P�N	Ä�=jÛ @ÞFMP6GA7UNm:
Ú.I�¿d14363>1

y Ë¾�=?@8=4NM=A@8I�¿�LCFHÀ?I�Û 7C=?ÄHI�P6@UNHIdFMP6=AF$P6Ä$P6@UNHImFHP6=AF�NH=
P
1
y à¬ádâOã/äYå =AÃ P :²Ú�I*¿d1A3�3 P æ}ãHå	åç�è4é<è æ èjé å P�Ã�NM78IdFMI$P6Ä 1�78P6GA78IoÄ\N =AF�36=jÛ>IoÄ\N�5<=AP6@?N p =A@ P ÄHLC¿	7�NH7C14NmÉ�Ã�=AF 1A@UÆ,5Â=?P�@UN

qP�@UNHImFHP6=AF�NM=
P
É�NH78ImFHI$PQÄ�1

y Ë ¿�L8FMÀAI�=4Ã P Ã�FM=A¾
p
NM=
q
:CÚ.I�¿m14363Ê1�5Â14FHNHP�NHP6=A@ÊÉ8ÄM1YÆ

Π
ÉO=AÃ

P
Á�Æ«¿	78=AF	B8Ä�1 æ}ãHå	å ç*èjéfè æ èjé å�êCëjã/æaì¯æ}ì è4é =4Ã P P�Ã
NH78I$Ã�=?3�36=jÛ P6@8G�N\Û�=�¿d=A@CB8P�NMP�=?@CÄ�78=A3QB

Ç�=A5C5Â=UÄ¬P�NHP6=A@�P6Ä2BOI�ÕC@CImB�P�@hí�Io¿/NHP6=A@hîUÈ/ï
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5 : ½�78I�ÄHL8Á85<=A36ÆUG?=A@CÄ�=AÃ

Π
14FMI�NHFMIdI$¾�=A@8=ANH=A@CIA:

ÍO: Ï�@�Æ,5Â14P6F =4Ã�¿d=AP6@C¿�PQBOIm@?N�ÄHL8Á85<=A36Æ�GA=A@ÂÄ�=4Ã
Π
1AFHI�P�@E=?585Â=UÄ¬P�NHP6=A@�:

½�78I76AImÆ©58FM=A5<IdFHN\Æ©=4Ã�14@�ÆÞNMFHImIh¾�=?@8=4NM=A@8IE5C1AF¬NMP�NMP�=?@
Π
=AÃ
P
Ç¤ÄH78=jÛ @ NH=Þ78=?36BÑP6@

í�Im¿�NHP6=A@Þî?È�PQÄ�NH7C14N
{o (Π) ≤ 2

:Ê½�78PQÄ�58FM=A5<IdFHN\Æ×¿d1A@�ÄH=A¾�I�NMP�¾�IoÄ�ÁÂI*LÂÄ¬IoB×NM=hFHIoBOLC¿dI
1h58FM=AÁ836Id¾ =A@Þ5<=A36ÆUG?=A@CÄ�NH=hNM78I,ÄH5ÂIo¿�PQ143>¿m1AÄHI*=4Ã 5<=A36ÆUG?=A@CÄ�5C14FHNHP�NHP6=A@ Ë 14ÁC3�I*P6@UNH=hN\Û�=NHFMIdI ç*èjéfè æ èjé å ÄHL8Á85<=A36ÆUG?=A@CÄ�P�@Þ=?585Â=UÄ¬P�NHP6=A@�:�½�78PQÄ�PQÄ�NH7CI,14585CFH=U1A¿	7.NM186?Id@ P6@ Ì Í8ÉHîjÎ
NH=.B8IdÀAIm3�=?5Ü1×ÄH=A36LONMP�=?@ÞNH=×NH78IE¿�P6FM¿dL83Q14F�F	1YÆÞÄ¬7C=U=ANHP6@8G®58FM=AÁC3�Im¾ Ì 5 Î~::9*Ú�I�5CFHIoÄ¬Im@?N�1
Ä¬P6¾�583�Ih1A3�G?=AFMP�NM78¾ Ç�GAP6ÀAIm@ÜNM78IE78=AFMP6Öd=A@UN	143�ÀUPQÄHP�Á8P636P�N\ÆÞ¾*145Ñ=4Ã

P
È�NH7C14N*¿d=A@CÄ¬NHFMLC¿�NMÄ�1

NHFMIdI$¾�=A@8=ANH=A@CI�5Â14FHNHP�NHP6=A@�=4Ã
P
P6@
Θ(n)

NHP6¾�IA:
Ú.I�NH7CId@�58FHIoÄ¬Im@UN�N\Û�=$1436GA=AFMP�NH78¾*Ä
NH7C14N§LCÄ¬I�NM78P6Ä�NMFHImI�¾�=?@8=4NM=A@8I�5C1AF¬NMP�NMP�=?@�=4Ã

P
NM=

Ã�L8F¬NM78IdF 5Â14FHNHP�NHP6=A@
P
P�@UNH=

y Ë ¾�=?@8=4NM=A@8I�Ä¬L8ÁC5Â=?3�Æ�GA=?@CÄ�Ä¬LC¿	7,NH7C14N�NH78I$¾�=A@8=ANH=?@8I�¿d=jÀAImF@ULC¾�Á<IdF�=4Ã�NH7CI*5C14FHNHP�NHP6=A@�P6Ä
O(log n)

:�½�7CI�ÕCFMÄ¬N�1436GA=?FHP�NH78¾ ¿�=A@ÂÄ\NMFHLC¿�NMÄ$1E5C1AF¬NMP�NMP�=?@
=4Ã
P
P6@?NM=

y Ë ¾�=A@C=4NH=?@8I�ÄHL8Á85<=A36ÆUG?=A@CÄ2Á�Æ�¿	78=?FMBCÄ�Û 78=UÄ¬I�¾�=?@8=4NM=A@8I�¿d=jÀAImF�@�L8¾�Á<IdFKP6ÄÛ P�NM78P�@�N\Û�=$=4Ã<NH78I ¾�P6@8P6¾�L8¾ ¾�=?@8=4NM=A@8I ¿d=jÀAIdF�@�L8¾�ÁÂImF¥=4Ã²14@�Æ�5C1AF¬NMP�NMP�=?@�=AÃ
P
P6@?NM=

y Ë¾�=?@8=4NM=A@8I�Ä¬LCÁ85Â=?3�Æ�G?=A@CÄ>Á�Æ�¿	7C=AF	B8Äd:�½�78I$Ä¬Io¿�=?@CB«1436GA=?FHP�NH7C¾ 5Â1YÆ�Ä¦¾�=AFMIK1jNHNHIm@?NMP�=?@«NM=
NH78I2ÄHP6ÖdImÄ¥=4ÃfNH78I

y Ë ¾�=A@8=ANH=?@8I Ä¬L8ÁC5Â=?3�Æ�GA=?@CÄ�=4ÃfNM78I�5C1AF¬NMP�NMP�=?@Ê:8;~N¦58FM=OBOLC¿dImÄ¥1�5Â14FHNHP�NHP6=A@
Ä¬LC¿	7ENM7C1jN�14@�Æ�G?P�À?Id@

y Ë ¿dL8FMÀAI$=4Ã P ¿d14@hÁ<I�ÁCFH=26AId@�P6@?NM=*N\Û�=«7C1436ÀAIoÄ�ÄHLC¿	7�NH7C14NKIm1?¿	7
7C143�Ã2PQÄ�¿d=jÀAIdFMImB Á�ÆÞ1�Ä¬IoÙ?LCId@C¿dI,=4Ã

O(log n)
ÄHL8Á85<=A36Æ�GA=?@CÄ,Ç}14@CB©NH78ImP�F�P6@?NMIdFMP�=?FMÄ	È$=AÃ

NH78I�5C14FHNHP�NHP6=A@©1A@CB�NH78I�@�L8¾�Á<IdF�=4Ã�ÀAImF¬NMP6¿dImÄ�=AÃ�NH78I�Ä¬L8ÁC5Â=?3�Æ�GA=?@CÄ�P6@©Im1?¿	7©Ä¬IoÙUL8Id@C¿dI
BOIm¿dFHIo1AÄHImÄ�I�ÅO5<=A@8Im@UNHPQ14363�Æ?:A½�78PQÄ§58FM=A5<IdFHN\Æ�=4ÃfNH7CI 5C14FHNHP�NHP6=A@�PQÄ¥LCÄHImB�P6@hÌ Í8É�îjÎ8NM=�BOIdÀ?Id36=A5
1«Ä¬=?3�L8NHP6=A@ENH=,NH78I�¿�P6FM¿dL83Q14F�F	1YÆ�ÄH78=�=4NMP�@8G,58FH=?Á836Id¾ Û P�NM7hNH78I�ÄH1A¾�I�Ä¬5Â1A¿�I�14@CB®ÙUL8ImFHÆ
¿�=A¾�5836I�ÅOP�N\Æ,1AÄ�NM78I�Á<ImÄ¬N�58FHImÀ�P�=?LCÄ�FHIoÄ¬L83�N�Ì Ô4Î�Á8LON�Û 7CP6¿	7�P6Ä2Ä¬P6¾�583�ImFm: <

½�78I$FHIm¾�1AP�@ÂBOIdF�=4Ã
NH78PQÄ 5C1A5ÂImF�PQÄ�=AFMG?1A@8P6ÖdImB,1AÄ�Ã�=A3636=jÛ�Äd:�;]@hí�Im¿�NHP6=A@hÍ�Û�I�BOIdÀ?Id36=A5
Ä¬=?¾�I�ÁC1?Ä¬PQ¿«NM=�=A3QÄ�NM7C1jN*Û�I�@CIdImBÊ:�;]@Ñí�Io¿/NHP6=A@ î.Û>I�ImÄ¬NM1AÁ83�PQÄH7 1.58FH=?5ÂImF¬NMP�IoÄ�=4Ã�NMFHImI
¾�=?@8=4NM=A@8I�5Â=?3�Æ�GA=?@CÄ�1A@CB�NHFMIdI�¾�=?@8=4NM=A@8I�5<=A36Æ�GA=?@�5Â14FHNHP�NHP6=A@CÄK14@CBhLÂÄ¬I�NM78Id¾ NM=,BOI ËÀAId36=A5h1A@E1A3�G?=AFMP�NM78¾ NM7C1jN�ÁCL8P�3QB8ÄK1�NHFMIdI�¾�=A@C=4NH=?@8I�5C1AF¬NMP�NMP�=?@�=AÃ

P
:=;]@×í�Im¿�NHP6=A@?>*Û�I

LCÄ¬I®1.NMFHImIh¾�=?@8=4NM=A@8IhÄHL8Á85<=A36Æ�GA=A@ 5C14FHNHP�NHP6=A@ =AÃ
P
NH=©¿�=?@CÄ¬NHFMLC¿/N�NH7CI

y Ë ¾�=A@8=ANH=?@8IÄ¬L8ÁC5Â=?3�Æ�GA=?@�5Â14FHNHP�NHP6=A@CÄ�=4Ã
P
B8ImÄM¿�FMP�Á<ImB�P6@�NM78I$58FMIdÀ�P�=?LCÄ�5C1AFM1AGAF	14587Ê:

@4A �UX¦�	T_Z\�	�Ui�g�Z�Z¬g	`�[]�Ubjbd^\T�S?¡K�AZ\boª?i�XM� TW[�^\b��?Z\XM�?Z\bj�	X	[][ P []b�^\��g�^/�j¡oTWVYX	S�gCBj�UXMZ]`$�?T_Z\X	�M^\X	�
�	T_Z\�	�Ui�g�Z�g�Z\� ζ �UbmSUX �/gdSDBj�UTW�FE4iW`�GUS���^\�UXHGUZ\[~^¥TWSj^\XMZ\[]X	�H^\T�bmS�bmc ζ ¢¥TW^\� P ¨I A �UX �AZ\X	�?Z\bj�	XM[][]T�S?¡��	bo���?iWXM�ATW^}`�¢§gd[�gdi�[]b�TW���AZ\bdVoX/��ªj`�gdS O(log n) cQgm�M^\bdZ/¨



J K�¸4LNMPO ¸§¶$Q�¶O¼¬¸¦µSR µ2¹UT�¸�¸4VFW
XÊI�N

P
ÁÂI$14@

n
À?IdFHNHIdÅ�ÄHP�¾�5836I�5Â=?3�Æ�GA=?@*Û P�NM7«ÀAImF¬NMP6¿dImÄ

{v0, v1, . . . , vn−1}
P�@,¿d=AL8@UNMIdF Ë¿�36=�¿�6�Û PQÄ¬I�=?FMB8IdF21A@CBEImBOG?ImÄ

{eo, . . . , en−1}
Ä¬LÂ¿	7ENH7C14N

vi

1A@CB
vi+1

1AFHI$NM78I�À?IdFHNHPQ¿�IoÄ
=4Ã
ei

1?B8BOP�NHP6=A@hN	186?Id@h¾�=OBOL836=
n
:<Ú.I�Û P�363�LCÄ¬I

vj

NH=�BOId@8=ANHI
v(j mod n)

:f½�=�Ä¬P6¾�5836P�Ã�Æ
NH78I«BOPQÄM¿�LCÄMÄ¬P6=A@�Û�I�1?ÄHÄHL8¾�I�@8=h1AB�Y¬1?¿�Im@?N�IoBOGAIoÄ$=4Ã

P
14FMI*¿�=?3�36P�@CIm14Fo:fÚ.I«B8Id@8=ANHI�NH7CI

P�@UNHImFHP6=AFK=4Ã
P
Á�ÆEP�@UNMIdFMP�=?F

(P )
14@CB×BOId@8=ANHI�FHImGAP6=A@

(P ) =
P�@UNHImFHP6=AF

(P ) ∪ P
:<;�ÆE5C14FHNHP ËNHP6=A@�=4Ã

P
Û>I$¾�Im1A@�1�ÄHI�N =4Ã�5Â=?3�Æ�G?=A@CÄ�Û 78=UÄ¬I$P6@?NMIdFMP�=?FMÄ�BO=�@8=AN�P6@UNHImFMÄHIm¿�N 1A@CB�Û 78=?ÄHI

FHImGAP6=A@CÄ>NH=?GAIdNH78ImF�¿�=A@UN	14P6@,FMIdGAP6=A@
(P )

:
Ï ¿�LCÄH5

ψ
=AÃ
P
PQÄ�ImP�NM78IdF�1*ÀAImF¬NMI�Å

vi

=4Ã
P
ÄHLC¿	7�NH7C14N

vi−1
ÉÂ1A@CB

vi+1
36P�I�=A@ENH7CI

ÄH1A¾�I�Ä¬PQBOI«=AÃ�NM78I,7C=AFMP�Öm=A@UNM1A3§3�P6@8I«NM78FM=AL8G?7
vi

É�=AF�1h7C=AFMP�Öm=A@UNM1A3§ImBOG?I
ei

=4Ã
P
ÄHLC¿	7

NH7C14N
vi−1

14@CB
vi+2

36P�I*=?@.NM78I«ÄM14¾�I*Ä¬PQBOI*=4Ã�NH7CI*3�P6@8I�NH7CFH=?L8GA7
ei

:ÊÚ�I«ÄH1YÆ®NH7C14N
ψP6Ä 1 ãHå[Z å-\^]\á è4é äjå-\%_«á�â�`aê P�Ã�P�N P6Ä�ImP�NM78IdFK1�FMI"aCIdÅ.Ç¤¿d=A@�ÀAIdÅCÈ¥À?IdFHNHI�Å�=AF 14@�ImBOG?I$Û 78=?ÄHI

Id@CBO5<=AP6@UNMÄ�1AFHI�Á<=4NM7EFHI%aCI�Å Ç¤¿�=?@�ÀAI�ÅCÈ>ÀAImF¬NMP6¿dImÄm:cb8=?F�14@�Æ,5<=AP6@UN�=AF2ÄHIdG?¾�Id@UN
e
ÉC¾�PQB

(e)BOId@8=ANHIoÄ
e
P�Ã
e
PQÄ 1�5Â=?P�@UN�14@ÂB,NM78I�¾�P6B85Â=?P�@UN�=4Ã

e
P�Ã
e
PQÄ 1*ÄHIdGA¾�Im@?No:

;]@�NM78PQÄ 5C145<IdFK14@�Æ�ÄHL8Á85<=A36Æ�GA=A@
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