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On Edge-Disjoint Empty Triangles of Point Sets *

J. Cano Vilal L.F. Barbat J. Urrutia$ T. Sakai’

October 25, 2011

Abstract

Let P be a set of points in the plane in general position. Any three
points x,y,z € P determine a triangle A(x,y,z) of the plane. We
say that A(z,y,z) is empty if its interior contains no element of P.
In this paper we study the following problems: What is the size of
the largest family of edge-disjoint triangles of a point set? How many
triangulations of P are needed to cover all the empty triangles of P?
We also study the following problem: What is the largest number of
edge-disjoint triangles of P containing a point g of the plane in their
interior? We establish upper and lower bounds for these problems.

1 Introduction

Let P be a set of n points in the plane in general position. A geometric
graph on P is a graph GG whose vertices are the elements of P, two of which
are adjacent if they are joined by a straight line segment. We say that G
is plane if it has no edges that cross each other. A triangle of G consists
of three points x,y,z € P such that xy, yz, and zx are edges of G; we will
denote it as A(z,y, z). If in addition A(z,y, z) contains no elements of P in
its interior, we say that it is empty.
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In a similar way, we say that if z,y,z € P, then A(x,y, z) is a triangle
of P, and that xy, yz, and zz are the edges of A(z,y,2). If A(z,y,z) is
empty, it is called a 3-hole of P. A 3-hole of P can be thought of as an
empty triangle of the complete geometric graph p on P. We remark that
A(z,y, z) will denote a triangle of a geometric graph, and also a triangle of
a point set.

A well-known result in graph theory says that for n = 6k + 1, or n =
6k + 3, the edges of the complete graph K,, on n vertices can be decomposed
into a set of (g) /3 edge-disjoint triangles. These decompositions are known
as Steiner triple systems [23]; see also Kirkman’s schoolgirl problem [17, 22].
In this paper, we address some variants of that problem, but for geometric
graphs.

Given a point set P, let 6(P) be the size of the largest set of edge-disjoint
empty triangles of P. It is easy to see that for point sets in convex position
with n = 6k + 1 or n = 6k + 3 elements, §(P) = (})/3. Indeed any triangle
of P is empty, and the problem is the same as that of decomposing the edges
of the complete geometric graph K(P) on P into edge-disjoint triangles. On
the other hand, we prove that for some point sets, namely Horton point sets,
d(P) is O(nlogn).

We then study the problem of covering the empty triangles of point sets
with as few triangulations of P as possible. For point sets in convex position,
we prove that we need essentially (g) /4 triangulations; our bound is tight.
We also show that there are point sets P for which O(nlogn) triangulations
are sufficient to cover all the empty triangles of P for a given point set P.

Finally, we consider the problem of finding a point ¢ not in P contained in
the interior of many edge-disjoint triangles of P. We prove that for any point
set, there is a point ¢ ¢ P contained in at least n?/12 edge-disjoint triangles.
Furthermore, any point in the plane, not in P, is contained in at most n?/9
edge-disjoint triangles of P, and this bound is sharp. In particular, we show
that this bound is attained when P is the set of vertices of a regular polygon.

1.1 Preliminary work

The study of counting and finding k-holes in point sets has been an active
area of research since Erdés and Szekeres [11, 12] asked about the existence
of k-holes in planar point sets. It is known that any point set with at least
ten points contains 5-holes; e.g. see [14]. Horton [15] proved that for k > 7
there are point sets containing no k-holes. The question of the existence
of 6-holes remained open for many years, but recently Nicolds [19] proved
that any point set with sufficiently many points contains a 6-hole. A second
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proof of this result was subsequently given by Gerken [13].

The study of properties of the set of triangles generated by point sets on
the plane has been of interest for many years. Let fi(n) be the minimum
number of k-holes that a point set has. Clearly a point set has a minimum of
f3(n) empty triangles. Katchalski and Meir [16] proved that (5) < f3(n) <
en? for some ¢ < 200; see also Purdy [21]. Their lower bounds were improved
by Dehnhardt [9] to n? — 5n + 10 < f3(n). He also proved that ("53) +6<
fa(n). Point sets with few k-holes for 3 < k < 6 were obtained by Barany
and Valtr [2]. The interested reader can read [18] for a more accurate picture
of the developments in this area of research.

Chromatic variants of the Erdds-Szekeres problem have recently been
studied by Devillers, Hurtado, Kéroly, and Seara [10]. They proved among
other results that any bi-chromatic point set contains at least 7 — 2 com-
patible monochromatic empty triangles. Aichholzer et al. [1] proved that
any bi-chromatic point set always contains Q(n%/4) empty monochromatic
triangles; this bound was improved by Pach and Téth [20] to Q(n%/?).

2 Sets of edge-disjoint empty triangles in point
sets

Let P be a set of points in the plane, and §(P) the size of the largest set
of edge-disjoint empty triangles of the complete graph I(P) on P. In this
section we study the following problem:

Problem 1. How small can §(P) be?

We show that if P is a Horton set, then §(P) is O(nlogn). On the other
hand, it follows directly from Theorem 7 that if P is the set of vertices of a
2
regular polygon then 6(P) is at least %5 — n.

For any integer k£ > 1, Horton [15] recursively constructed a family of
point sets Hj, of size 2% as follows:

(a) Hi={(0,0),(1,0)}.

(b) Hj, consists of two subsets of points H, , and H ,;tl obtained from
Hy_y as follows: If p = (i,j) € Hy_1, then p’ = (2i,5) € H,_, and
p' = (2i4+1,j +di) € H,:il. The value dj, is chosen large enough
such that any line £ passing through two points of H ,j_l leaves all the
points of H, , below it; see Figure 1.
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Figure 1: Hy. The edges of H3 (resp. Hy ) visible from below (resp. above),
are shown.

We say that a line segment pq joining two elements p and ¢ of Hy is
visible from below (resp. above) if there is no point of Hjy below it (resp.
above it); that is there is no element r of Hj such that the vertical line
through r intersects pq above r (resp. below r). Let B(Hj) be the set of line
segments of Hj, visible from below. The following result which we will use
later was proved by Bérany and Valtr in [2]; see also [3]:

Lemma 1. |B(Hy)| = 28 — (k +2).
The following result is proved in [3] by using this lemma:

Theorem 1. For every n = 2%, k > 1, there is a point set (namely Hy,)
such that there is a geometric graph on Hy with (g) — O(nlogn) edges with
no empty triangles.

In other words, it is always possible to remove O(nlogn) edges from
the complete graph Kp, in such a way that the remaining graph contains
no empty triangles. The main idea is that by removing from Kg, all the
edges of H ,j_l (respectively H, ;) visible from below (respectively above),
no empty triangle remains with vertices in both H 1;1’ and H__,.

Observe now that if a geometric graph has k edge-disjoint empty trian-
gles, then we need to take at least k edges away from G for the graph that
remains to contain no empty triangles. It follows now that the complete
graph g, has at most O(nlogn) edge-disjoint empty triangles. Thus we
have proved:

Theorem 2. There is a point set, namely Hy, such that any set of edge-
disjoint empty triangles of Hy contains at most O(nlogn) elements.
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Clearly for any point set P, the size of the largest set of edge-disjoint
triangles of P is at least linear. We conjecture:

Conjecture 1. Any point set P in general position always contains a set
with at least O(nlogn) edge-disjoint empty triangles.

3 Covering the triangles of point sets with trian-
gulations

An empty triangle ¢ of a point set P is covered by a triangulation T of P if
one of the faces of T" is t. In this section we consider the following problem:

Problem 2. How many triangulations of a point set are needed such that
each empty triangle of P is covered by at least one triangulation?

This problem, which is interesting on its own right, will help us in finding
point sets for which §(P) is large. We start by studying Problem 2 for point
sets in convex position, and then for point sets in general position.

3.1 Points in convex position

All point sets P considered in this subsection will be assumed to be in con-
vex position, and their elements labeled {po,...,pn—1} in counter-clockwise
order around the boundary of CH(P). Since any triangulation of a point
set of n points in convex position corresponds to a triangulation of a regular
polygon with n vertices, solving Problem 2 for point sets in convex position
is equivalent to solving it for point sets whose elements are the vertices of
a regular polygon. Suppose then that P is the set of vertices of a regular
polygon, and that c¢ is the center of such a polygon.

A triangle is called an acute triangle if all of its angles are smaller than 7.
We recall the following result in elementary geometry given without proof.

Observation 1. A triangle with vertices in P is acute if and only if it
contains c in its interior.

The following result is relatively well known:

Lemma 2. Let P be the set of vertices of a regular n-gon @, and c the
center of Q. Then:

n) _ n(n—2)

e If n is even, c is contained in the interior of% {(3 3 } acute

triangles of P.
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Figure 2: a) Constructing t4(7, j, k), and b) pairing triangles sharing an edge
which contains ¢ in the middle.

e Ifn is odd, c is contained in [(g) - W] =1 [(g) + n(n2—1)}

acute triangles of P.

Let f(n) = 1 [(;}) + @} for n even, and f(n) = 1 [(;}) n n(n;l)} for
n odd. We now prove:

Theorem 3. f(n) triangulations are always sufficient, and always neces-
sary, to cover all the triangles of a regular polygon.

Proof. Suppose first that n is even. For each vertex p; of P, let a(p;) = Piyn
be the antipodal vertex of p; in P, where addition is taken mod n. Suppose
that A(p;, pj,pr) is an acute triangle of P (i.e. it contains c in its interior),
i < j <k. Let ty(i, j, k) be the following set of four triangles:

ta(i, j, k) = {A(pi, pj, pr) Ala(ps), pjs Pr)» Aps, (pg), Pk), Aps, pj, a(pr)) }5

see Figure 2 a).
It is easy to see that all the triangles of P except those that have a right
angle are in

Ut4(i7jv k‘),

where i, j,k range over all triples such that A(p;,p;,pi) contains c in its
interior.

On the other hand, it is easy to see that if a triangle ¢ of P contains ¢ in
the middle of one of its edges (clearly ¢ is a right triangle), this edge joins
two antipodal vertices of P; see Figure 2 b). Thus we have exactly

gx(n—Q)
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such triangles. It is easy to find

n(n —2)
4

triangulations of P such that each of them cover two of these triangles.
Since each triangulation of P contains exactly one acute triangle of P or
two triangles sharing an edge that contains ¢ at its middle point, it follows

that (-2 an-2) 1 (n-2)
11G) -2 = (G)

triangulations are necessary and sufficient to cover all the triangles of P. To
show that this number of triangulations are needed, we point out that any
two acute triangles of P cannot belong to the same triangulation (note that
they intersect at ¢). Moreover these triangulations are different from those
containing right triangles. Our result follows.

A similar argument follows for n odd, except that some extra care has to
be paid to the way in which we group the non-acute triangles of P around
the acute triangles of P. O

Thus the number of triangulations needed to cover all the triangles of P
is asymptotically (%) /4. The next result follows trivially:

Corollary 1. Let P be a set of n points in convex position, and p any
point in the interior of CH(P). Then p belongs to the interior of at most

@ + O(n?) triangles of P.

3.2 Covering the empty triangles on the Horton set

We will now show that all the empty triangles in Hj can be covered with
O(nlogn) triangulations. The bound is tight.

Consider an edge e of Hy that is visible from below, and a vertical line
£ that intersects e at a point ¢ in the interior of e. The depth of e is the
number of edges of Hj, visible from below, intersected by ¢ below g. It is
not hard to see that the maximal depth of an edge of Hj, visible from below
is at most logn — 1, and that this bound is tight; see Figure 3. Moreover,
it is easy to see that the union of all edges of Hj with the same depth is an
z-monotone path. Now we can prove:

Theorem 4. ©(nlogn) triangulations of Hy, are necessary and sufficient
to cover the set of empty triangles of Hy,.
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Figure 3: The depth of an edge.

Proof. Consider the sets H ,:r_l and H, ;. We will show how to cover all
the empty triangles of Hy with two vertices in H ,;tl and one in H,_, with
O(nlogn) triangulations. Label the elements of H,_, from left to right as
Po, .- ,pg,l.

For each 0 < d < k — 1, proceed as follows: For every p; € H,_, join
pj to the endpoints of all the edges of H,j_l of depth d. This gives us a
set [ Dz j of interior-disjoint empty triangles. It is not hard to see that if
(d,j) # (d', "), then ID+ ﬂIDd, ,=0.

It is easy to see that the union Of these sets covers all the empty triangles
with two vertices in H _, and one in H,_,. In a similar way, cover all the
triangles with two vertices in H,_,, and one in H, ,:r_l with a family of sets
IDy ;.

Let 41 be the straight line connecting the leftmost point in H ,j_l to the
rightmost point in H,_,, and {3 the straight line that connects the rightmost
point in H,j_l with the leftmost point of H, ;. Let ¢ be a point slightly
above the intersection point of £1 with /5.

It is clear that for each [ D+] there is exactly one empty triangle that
contains ¢ in its interior. This implies that ¢ is contained in Q(nlogn)
empty triangles and thus Q(nlogn) triangulations are necessary to cover all
the empty triangles in Hy.

Now we show that O(nlogn) of Hj triangulations are sufficient. Con-
sider each set [ DJr py and ID; 4 and complete it to a triangulation. This
gives us O(nlog n) trlangulatlons that cover all the triangles with vertices
in both Hk_1 and H,_ ;.

Take a set of triangulations 7,7 | = {T7F,..., T;} } of H," | that covers all
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of its empty triangles. Since H ,j_l and H, , are isomorphic, we can find a
set of triangulations 7, = {1 ,...,T,,} of H,_, that covers all the empty
triangles of H, ;| such that Ti+ is isomorphic to 7; . For each i, we can find
a triangulation T; of Hy that contains T;r and T, as induced subgraphs.

Thus if T'(n) is the number of triangulations required to cover the empty
triangles of Hj, the following recurrence holds for n = 2%:

n
T(n)=T <§> + O(nlogn).
This solves to T'(n) = O(nlogn), and our result follows. O

We conclude this section with the following conjecture:

Conjecture 2. At least Q(nlogn) triangulations are needed to cover all the
empty triangles of any point set with n points.

4 A point in many edge-disjoint triangles

The problem of finding a point contained in many triangles of a point set
was solved by Boros and Fiiredi [4], see also Bukh [6]. They proved:

Theorem 5. For any set P of n points in general position, there is a point
in the interior of the convex hull of P contained in %(g) + O(n?) triangles
of P. The bound is tight.

We now study a variant to this problem, in which we are interested in
finding a point in many edge-disjoint triangles. We consider the following:

Problem 3. Let P be a set of points in the plane in general position, and
q € P a point of the plane. What is the largest number of edge-disjoint
triangles of P such that ¢ belongs to the interior of all of them?

We start by giving some preliminary results, and then we study Prob-
lem 3 for point sets in general position, and sets of vertices of regular poly-
gons.

Given a point set P, and a point ¢ not in P, let T(P,q) (or T(q) for
short) be the set of triangles of P that contain q. We define the graph
G(P, q) whose vertex set is T (q) in which two triangles are adjacent if they
share an edge; see Figure 4. We may assume that g does not belong to any
line passing through two elements of P. We now prove:

Lemma 3. The degree of every vertex of G(P,q) is exactly n — 3.
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' A(p1,p3,p4)  A(p1,p2,pa)
p3

Figure 4: G(P, q).

A(po,p1,p3)  Alpo,p1,p2)

Proof. Let A(x,y,z) be a triangle that contains ¢ in its interior. Let p
be any point in P\ {z,y,z}. Then exactly one of the triangles A(z,y,p),
A(z,p, z), or A(p,y,z) contains ¢; see Figure 5. That is, exactly one of
A(z,y,p), Az, p,z), or A(p,y, z) belongs to T (q). Our result follows. [

z &7 x

Figure 5:

Observe now that finding sets of edge-disjoint triangles that contain ¢ is
equivalent to finding independent sets in G(P,q). Let 7(P,q) (or 7(q) for
short) be the largest number of edge-disjoint triangles on P containing g.
We now prove:

Lemma 4.

T@I _ (< 3T,

n—2 n

Proof. 1t follows from Lemma 3 that the size of the largest independent set

of G(P,q) is at least %. To prove our upper bound, it is sufficient to

10
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observe that if a vertex of G(P,q) is not in an independent set I of G(P, q),
then it is adjacent to at most three vertices in it, one per each of its edges.
Hence by counting the number of edges connecting a vertex in I to another
in 7(q) \ I, we obtain that:

(n=3)I| <3|T(q)\ II.
Our result follows. O

From Theorem 5 and Lemma 4 it is easy to see that in any set of n
points in general position on the plane there is a point g such that

2 2 2(n 2 2
+O0(n 3-5(5) +0(n

3G
2774_0(”)% n—2 n 9

+O(n).

Thus we have:

Corollary 2. For any point set in general position on the plane there is a
. 2
point q such that 7(q) < 5 + O(n).

We now prove an even stronger result. We now prove:

Proposition 1. Let P a set of n points in general position on the plane.
Then for any point ¢ ¢ P of the plane 7(q) < n?/9.

Proof. Let ¢ ¢ P be any point of the plane. If ¢ is on a straight line passing
through two elements of P, then by slightly moving it, ¢ could be moved
to a position in which it is contained in more edge-disjoint triangles. Thus
assume that ¢ is not on any straight line through two elements of P.

First we show the following lemma:

Lemma 5. There exist three straight lines passing through q such that they
partition P into siz subsets Py, Py, ..., P5 in counter-clockwise order around
q, with |Py| = |Ps| = |Py| (we allow the possibility that P; = () for some i).

Proof. Let [y be a straight line passing through ¢ such that one of the half-
planes bounded by [y, say the one on top of it, contains an even number
of elements of P. Take other straight lines /; and Iy passing through g,
and define the subsets P; of P, 0 < i < 5, as shown in Figure 6 a), where
|Py U Py U Py| is even. Let [* be a straight line passing through ¢, equi-
partitioning the elements of Py U P U Ps.

Choose [ and lp such that initially |Py| = || = | P3| = |Ps| = 0. From
their initial positions, rotate [; counter-clockwise and /s clockwise around ¢

11
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Figure 6: Partitions of P.

in such a way that Py and P, always contain the same number of elements,
and until they both reach the position of [* at the same time, and the
boundary of P, always contains no more than one element of P.

Initially |Py] > 0 = |Fy|. On the other hand, we have |Py| = 0 < ||
when [; and Il reach the position of [*. Hence at some point while rotating
l1 and la, we have that |Py| = | P2| = | P4l; see Figure 6 b). O

Let Py, Pi,...,Ps be as in Lemma 5. Write |P;| = n; for 0 <1i <5 (we
have ng = na = ny). We henceforth read indices modulo 6. Let 7 be a set
of edge-disjoint triangles with vertices in P, containing ¢ in its interior. For
integers 1, j, k, let 7;;, denote the set of elements of 7 such that it has one
vertex in P;, another in P; and the other in P, and let t;;;, = |Tiji|; see
Figure 7.

1)

P Ps
Py D
Py
d)

Figure 7: Triangles in the 7;;;’s.

12
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Then

T = U0 Taigi+3)) U Um0 Tati+1)43) | Y [Uimo T 1) i) ) U [Ui=0 T+ 2) (i+)

= [U?:oﬁi(i%)] U [U?:oﬁ(z‘+2)(z‘+5)] U [U?:oﬁ(i+2)(i+3)] U [U?:Olﬁ(i+2)(i+4)} .
For integers 1, j, let E;; denote the set of all segments connecting an element
of P; and another of P;. Then for each integer i, |E;;i0)| = niniy2 and
Titi+2)(i+3) Y Tii+2)(i+4) U Ti(i+2)(i+5) is the set of elements of 7" which has a
side belonging to Ej(; 9). Hence we have

F(0) = tigiro)yiss) + tigir)i+a) T Ligia2)(i45) < Nimlit2 (1)
for each i. Similarly, by considering the cardinality of E;(;3), we obtain
9(%) = 2ti643) + Ligir1)(i43) T Ligi+2)(i+3)
+2ti(i43)(i43) T ti(i+3)(i+4) T LiGi+3)i+5) < Mtz (2)
for each i. By (1) and (2), we have

2

5 5 2
DA +2) g() <D ninia +2> niniys. (3)
=0 =0

1=0 1=0

Since g(i) = (tiit2)it3) + t; JG+2)( ]+3)) + (tjl(jur2 (5r+5) tin(ra)ras) +
2(tigirs) + tij(j+a)), where j =i +3, j/ =i+1,j" = j +3,

5

2
Z fi) +2 Z g(i) = Z(ti(i+2)(i+3) + ti(i+2)(i+4) T ti(i+2)(i+5))

=0 =0 =0

5 5
+2 Z(ti(i+2)(i+3) + tigir2)(i+5)) T4 Z Lii(i+3)
i=0 =0
5
= 3|T|+ Z tiiirs)y = 3|TI. (4)
=0

On the other hand, if we denote the right-hand side of (3) by S,

S = (ngng + neng + ngng) + (n1ns + nyns + nsny)
+2(nons + nans + ngny)
2 2im

=3T3t (ning + ngns + nsni), (5)

13
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where | = ng+ng+ny (recall that ng = ng = ny) and m = ny+ng+ns. Since
ning +ngns +nzng = [m? — (n? +n3 +n?)]/2 and since n? +n3 +nZ > m?/3
with equality if and only if ny = n3 = ns, we have nins + ngns + nsn; <
m?/3. From this and (5), it follows that

2 2lm m? (I+m)?> n?
< — _ _——= = —,
5s 3 + 3 * 3 3 3 (6)
Now combining (3), (4) and (6), we obtain |T| < n?/9, as desired. O

To achieve the equality, it is necessary that ng = ng = ng and n; = ng =
ns for some partition (Figure 8).

n/3 points 5 points
o 9 o
° o o4 °
0% o . ° 4 point
4 points o 4points
’ ° \\ °
// o \\ o
P
N ettt AT 57"
,,,,,,,,,,,,,,, P SN
~
o \ o o o
o
° ° N ° o o
o ’ o B .
o o K N °° oo Spoints o o 5 points
0 ° °, \ 0% o/ o
) // \\ ; ©° ° ° o
n/3 points . n/3 points 4 points
a) b)

Figure 8: A vertex set of a regular 27-gon.

We now prove:

Proposition 2. Letn be a positive integer and P a set of n points in general
position on the plane. Then there exists a point q on the plane such that

2
7(q) > 5.

Proof. We use the following lemma which was proved by Ceder [7] (see also
[5]), and applied by Bukh [6] to obtain a lower bound of max, |7 (¢)| for
given P:

Lemma 6. There exist three straight lines such that they intersect at a point
q and partition the plane into 6 open regions each of which contains at least
n/6 — 1 elements of P.
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Let ¢ be as in Lemma 6. We may assume that ¢ is not on any straight
line passing through two elements of P. Let m = [n/6] — 1 and denote by
Dy, D1, ..., D5 the six regions in counter-clockwise order around ¢q. For each
0 <i <5, let P; be a subset of PN D; with |P;| = m; see Figure 9.

Figure 9: Matching M; (bold lines) and triangles using edges of M;.

Now consider the geometric complete bipartite graph with vertex set
Py U P3 and edge set E = {pp'|p € Py, p' € P3}. As a consequence of a
well-known result in graph theory, F can be decomposed into m subsets M;,
0 < i < m —1, such that each M; is a perfect matching, i.e., consisting of
m independent edges. Let P, = {s1,$2,...,8m} and Py = {t1,t2,... ,tm}.
For each i and each element e = pp’ € M;, where p € Py and p’ € P3, let u;
denote either s; or t; according to whether pp'N Dy = () or pp’N Dy = (). Then
A(p,p',u;) contains ¢ in its interior. Observe that all of the m triangles
in 7; = {A(p,p,us)|e = pp € M;} are edge-disjoint, and all of the m?
triangles in 7p3 = U/, 7; are edge-disjoint as well.

Define the sets 714 and Ta5 of triangles similarly (the elements of 714 are
triangles with one vertex in P, another in P and the other in P, U Ps, while
the elements of 75 are triangles with one vertex in P, another in Ps and
the other in P3U Py). It can be observed that all of the 3m? = n?/12—O(n)
triangles in T3 U T14 U Ta5 are edge-disjoint. O

Thus by using Corollary 2, Proposition 1, and Proposition 2 we have:
Theorem 6. In any point set in general position, there is a point q such

that % <7(q) < %2. Moreover, for any q, 7(q) < %2.

15



s 4.1 Regular Polygons

351 By Theorem 6, any point in the interior of the convex hull of a point set
32 is contained in at most n?/9 edge-disjoint triangles of P. It is also easy to
353 construct point sets for which that bound is tight; see Figure 8 a). In fact,
354 the point sets in that figure can be chosen in convex position.

355 We now show that the bound in Theorem 6 is also achieved when P is
356 the set of vertices of a regular polygon. We found proving this result to be
357 a challenging problem. In what follows, we will assume that n = 9m, m > 1.
358

350 Let (a4, b, ¢;) be an ordered set of integers. We call (a4, b;, ¢;) a triangular
se0  triple if it satisfies the following conditions:

361 a) aj, b;, and ¢; are all different,

362 b) a; +b; + ¢; =n — 3, and

363 C) 1 S ai,bi,ci S nT—3

364 Observe that for any vertex p, of P, a triangular triple (a;, b;, ¢;), defines
365 a triangle A(pr, Pr4a;+1, Prta;+b;+2) of P. Moreover, condition c) above
s66 ensures that A(pr, Pria;+1, Prta;+b;42) IS acute, and hence it contains the
ss7 center ¢ of P. Note that since a; + b; +¢; = 7 — 3, Dr = Drya;+bitci+35

s6s addition taken mod n. Thus the edges of A(pr, Pria;+1, Prta;+b;+2) SKIip a4,
30 by, and ¢; vertices of P respectively; see Figure 10 a).

370 Let S(ai7 bi; ci) = {A(pr7p7"+a,-+1apr+ai+bi+2) HY 28NS P} The set S(ai7 bia Ci)
sr1 - can be seen as the set of triangles obtained by rotating A(po, Po+a;+1, Po+a;+b;+2)
sz around the center of P; see Figure 10 b). The next observation will be useful:

si3 Observation 2. Let (a;,b;,¢;) and (aj,bj,c;j) be triangular triples of P
sia such that {a;, b;,¢;} N {a;,bj,c;} = 0, i # j. Then all of the triangles
s in S(as, by, ¢;) U S(aj,bj,c;) are edge-disjoint.

376 Consider a set C' = {(ag, bo, o), -, (ag—1,bk—1,cx—1)} of ordered trian-
37 gular triples. We say that C is a generating set of triangular triples if the
s7s  following condition holds:

{ai, bi,cit N{a;,bj,c;} =0, i # j.
319 Note that |S(a;, b, ¢;)| = n, and thus
U S(aia bi; Ci)
(as,bi,ci)€C

s0 contains nk edge disjoint triangles containing the center P. Our task is now
ss1  that of finding a generating set of as many triangular triples as possible.
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Figure 10: a) The triple (1,2, 3), and pg determine A(po, p2,ps). b) S(1,2,3)
is obtained by rotating A(po, p2, ps), obtaining a set of 9 edge-disjoint tri-
angles.

Theorem 7. Let P be the set of vertices of a regular polygon withQn =9m
vertices, and let ¢ be its center. Then if m is odd, then |T(c)| > &, and if

m is even, then |T(c)| > %2 —n.

Proof. The proof when m is odd proceeds by constructing a generating set
C with § triangular triples. Let k = % and k¥ = k + 2m — 1. Given
i €{0,1,...,m — 1} we define the i-th ordered triple (a;,b;, ¢;) as follows
(see Figure 11):

ai:k-i-i,

b}_{k”—%—l if i<y
UK —2i+m—1 aif i>mh
C'_{k:’+z'+1+m;1 if i<y
R R R L R

We now prove that the triples (a;, b;, ¢;) are triangular; that is,s a; +b; +
¢; =n — 3. Since bi—i-cz-:Qk’—i—i—mTH for all 7,

1
ai+bi+ci:k+2k/+%:9m—3
It is easy to see that
k< a <k+m-—1,
k+m=kKK-m+1< b <F¥,
k‘/—i-lg C;.
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396

397

(4,8,12) (7,15,20) (10,22,28) (13,29,36) (16,36,44)
(5,9,10) (8,13,21) (11,20,29) (14,27,37) (17,34,45)
(6,7,11) (9,16,17) (12,18,30) (15,25,38) (18,32, 46)
(10,14,18) (13,23,24) (16,23,39) (19,30,47)
(11,12,19) (14,21,25) (17,30,31) (20,28, 48)

: (15,19,26) (18,28,32) (21,37,38)
(16,17,27) (19,26,33) (22,35,39)

(20, 24,34) (23,33,40)

(21,22,35) (24,31,41)

(25,29, 42)

(26,27, 43)

Figure 12: a) Triangular triples (a;, b;,¢;) for n =9 -3 = 27 and b) triples
(al, b, ch) = (a; —3,b; = 3,¢; —3) forn =92 =18.

[ Z”L

Therefore a; < b; < ¢ for every i,j, k. Also, by construction it can be
verified that a; # aj, b; # b;, and ¢; # c; for every ¢ # j.

Thus the set U {a;, b, ¢;} contains no repeated elements.
(ai,bi,ci)ec

Finally, note that the maximum value that can be reached by ¢; occurs

when i = m2_3, and thus:

_3 1 9m — 3
Cifk/+1+m2 +m; — K +m= m2 .

Therefore C' is a generating set of triangular triples. Thus ¢ is contained
2
in at least %5 edge-disjoint triangles.
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The proof when m is even proceeds by also constructing a set of m triples.
We use the set of triples just constructed for m + 1 and modify it as follows:
Suppose that the set of m + 1 triples is {(ao, bo, o), - - -, (@m, Om, Cm) }-

Let a, = a; —3, b, = bj —3 and ¢, = ¢; — 3 and consider C' =
{(al,¥,,c}) | 0 < i < m}. C induces a set of triangles in P. Never-
theless 2n triangles do not contain the point ¢ in their interior; see Fig-
ure 12. Therefore this construction guarantees that c is contained in at least

(m+1)n—2n= %2 — n edge-disjoint triangles. O

5 A point in many edge-disjoint empty triangles

We conclude our paper by briefly studying the problem of the existence of
a point contained in many edge-disjoint empty triangles of a point set. We
point out that if we are interested only in empty triangles containing a point,
it is easy to see that for any point set P, there is always a point ¢ contained
in a linear number of (not necessarily edge-disjoint) empty triangles. This
follows directly from the following facts:

1. Any point set P with n elements always determines at least a quadratic
number of empty triangles [2, 16].

2. We can always choose 2n — ¢ — 2 points in the plane such that any
empty triangle of P contains one of them, where c¢ is the number of
vertices of the convex hull of P; see [8, 16].

We now prove:

Theorem 8. There are point sets P such that every q ¢ P is contained in
at most a linear number of empty edge-disjoint triangles of P.

Proof. Let Hy, H,j_l and H,_, be as defined in Section 2. Consider any
set T,:r (respectively T}") of empty edge-disjoint triangles such that each of
them has two vertices in H 1?—1 (respectively H, ) and the other in H, ,
(respectively H,j_l). Let t € T]:r. Then the edge of ¢ with both endpoints
in H,;"_l is an edge of H]j'_l visible from below. Since the triangles in T,j
are edge-disjoint, the number of elements of T,j is at most the number of
edges of H ,j_l visible from below, which is a linear function in n. Thus
IT;F| € O(n). Similarly we can prove that [T} | € O(n).

Consider a point ¢ € CH(Hy) \ CH(H,; ;) UCH(H, ). Clearly any
empty triangle containing ¢ belongs to some T; lj U T, , and thus it belongs
to at most a linear number of edge-disjoint triangles of Hy.
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Suppose next that ¢ € CH(H," ) U CH(H,_,). Suppose without loss
of generality that g € CH(H,j_l), and that ¢ belongs to a set S of edge-
disjoint triangles of Hy. S may contain some triangles with vertices in both
of H ,:r_l and H,_,. There are at most a linear number of such triangles.
The remaining elements in S have all of their vertices in H 1;1' Thus the

number of edge-disjoint triangles containing g satisfy
n
T(m) <7 (5) +O(n),

and thus ¢ belongs to at most a linear number of edge-disjoint triangles.
The first part of our result follows. To show that our bound is tight,
let ¢ be as in the proof of Theorem 4. It is easy to see that ¢ belongs to
a linear number of triangles with vertices in both of H ,j and H, , and our
result follows. O

We conclude with the following:

Conjecture 3. Let P be a set of n points in general position on the plane.
Then there is always a point ¢ ¢ P on the plane such that it is contained in
at least logn edge-disjoint triangles of P.
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