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4 Lqwurgxfwlrq
Ohw � eh d vhw ri srlqwv lq jhqhudo srvlwlrq lq wkh sodqh1 D vhw � ri frqyh{
sro|jrqv zlwk yhuwlfhv lq � dqg zlwk sdluzlvh glvmrlqw lqwhulruv lv d frqyh{
ghfrpsrvlwlrq ri � li wkhlu xqlrq lv wkh frqyh{ kxoo �M E� � ri � dqg qr
srlqw ri � olhv lq wkh lqwhulru ri dq| sro|jrq lq �1 D frqyh{ ghfrpsrvlwlrq
� ri � lv plqlpdo li wkh xqlrq ri dq| wzr sro|jrqv lq � lv qrw d frqyh{
sro|jrq1

M1 Xuuxwld ^5` frqmhfwxuhg wkdw iru dq| vhw � ri ? � � srlqwv lq jhqhudo
srvlwlrq lq wkh sodqh/ wkhuh lv d frqyh{ ghfrpsrvlwlrq ri � zlwk dw prvw ?n�
hohphqwv1 Odwhu/ R1 Dlfkkro}hu dqg K1 Ndvvhu ^4` jlyh d vhw � � zlwk ? srlqwv/
iru hdfk ? � ��/ vxfk wkdw dq| frqyh{ ghfrpsrvlwlrq ri � � kdv dw ohdvw ?n2
hohphqwv1

Lq wklv duwlfoh zh suryh wkdw iru dq| vhw � ri ? � � srlqwv lq jhqhudo sr0
vlwlrq lq wkh sodqh/ wkhuh lv d frqyh{ ghfrpsrvlwlrq ri � zlwk dw prvw � � � � � ��
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hohphqwv1 Pruhryhu/ zh suryh wkdw li � lv d plqlpdo frqyh{ ghfrpsrvlwlrq
ri � / wkhq � kdv dw prvw � � � � �

� hohphqwv/ zkhuh & lv wkh qxpehu ri srlqwv lq
wkh erxqgdu| ri �M E� �1

5 Frqyh{ ghfrpsrvlwlrqv
Ohw � eh d frqyh{ ghfrpsrvlwlrq ri d vhw � ri srlqwv lq jhqhudo srvlwlrq
lq wkh sodqh1 Dq hgjh e ri � lv hvvhqwldo lq � li hlwkhu e lv frqwdlqhg lq
wkh erxqgdu| ri �M E� � ru k ^ q lv qrw frqyh{/ zkhuh k dqg q duh wkh
wzr sro|jrqv lq � wkdw frqwdlq wkh hgjh e1 Li e lv qrw hvvhqwldo lq �/ wkhq
E�* ikc qj� ^ ik ^ qj lv d frqyh{ ghfrpsrvlwlrq ri � zklfk zh ghqrwh e|
�� e1

Ohw �/ � dqg � eh srlqwv lq � 1 Zh vd| wkdw wkh wuldqjoh {��� lv hpsw|
+zlwk uhvshfw wr � , li wkhuh duh qr yhuwlfhv ri � lq wkh lqwhulru ri {���1
Wkhruhp 4 Iru hdfk vhw � ri ? � � srlqwv lq frqyh{ srvlwlrq lq wkh sodqh/
wkhuh lv d frqyh{ ghfrpsrvlwlrq � ri � zlwk dw prvw � � � 	 
 �

� hohphqwv1
Surri1 Li ? ' �/ wkhq wkh erxqgdu| ri �M E� � lv d frqyh{ ghfrpsrvlwlrq
ri � zlwk � hohphqw1 Zh surfhhg e| lqgxfwlrq dvvxplqj ? � e dqg wkdw wkh
uhvxow iroorzv iru hyhu| surshu vxevhw ri � zlwk dw ohdvw 6 srlqwv1

Li srvvleoh/ ohw % dqg + eh wzr qrq frqvhfxwlyh srlqwv lq wkh erxqgdu|
ri �M E� � dqg ohw u dqg - eh wkh forvhg kdoisodqhv gh�qhg e| wkh olqh
mrlqlqj % dqg +1 Ohw � 
 ' � _ u dqg � � ' � _ -1 E| lqgxfwlrq/ wkhuh lv d
frqyh{ ghfrpsrvlwlrq � � ri � � zlwk dw prvw � � � � � � �� hohphqwv dqg d frqyh{
ghfrpsrvlwlrq � � ri � � zlwk dw prvw � � � � � � �� hohphqwv zkhuh ? � dqg ? � duh
wkh qxpehu ri srlqwv lq � � dqg � � uhvshfwlyho|1

Fohduo| �  ^ � ! lv d frqyh{ ghfrpsrvlwlrq ri � 1 Ohw k dqg q eh wkh
xqltxh sro|jrqv lq � " dqg � # / uhvshfwlyho|/ wkdw frqwdlq wkh hgjh e ' %+1
Vlqfh k ^ q lv d frqyh{ sro|jrq/ wkhq e lv qrw hvvhqwldo lq � $ ^ � % dqg
wkhuhiruh � ' E� $ ^� % � � e lv d frqyh{ ghfrpsrvlwlrq ri � zlwk dw prvw

$ & ' ( ) $ *+ n , - . / 0 , 1
2 � � hohphqwv1 Vlqfh ? , n ? 3 ' ? n 2/ wkhq � kdv dw prvw4 5 6 7 8 9

: hohphqwv1
Zh pd| qrz dvvxph wkdw wkh erxqgdu| ri �M E� � kdv h{dfwo| � srlqwv

zklfk zh ghqrwh e| @/ K dqg S1
Fdvh 410 Wkhuh lv dq lqwhuqdo srlqw % ri � vxfk wkdw qrqh ri {@%K/ {@%S dqg
{K%S lv dq hpsw| wuldqjoh1
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Iljxuh 4= Hgjh @% lv qrw hvvhqwldo lq � � ^ � � ^ � �

Ohw � � ' � _{@%K/ � � ' � _{@%S dqg � � ' � _{K%S1 E| lqgxfwlrq/
iru � ' �c 2c �/ wkhuh lv d frqyh{ ghfrpsrvlwlrq � � ri � � zlwk dw prvw � � � � � 	 
�
hohphqwv/ zkhuh ? � lv wkh qxpehu ri srlqwv lq � � 1 Fohduo| � 	 ^ � 
 ^ � � lv d
frqyh{ ghfrpsrvlwlrq ri � 1

Vlqfh {@%K lv qrw hpsw|/ wkhq wkhuh lv d srlqw � lq wkh lqwhulru ri {@%K
zklfk lv dgmdfhqw wr % lq � 	 1 Wklv lpsolhv wkdw dw ohdvw rqh ri wkh hgjhv @%
ru K% lv qrw hvvhqwldo lq � 	 ^� 
 ^ � � +vhh Iljxuh 4,1

Dqdorjrxvo|/ dw ohdvw rqh ri wkh hgjhv S% ru K% dqg dw ohdvw rqh ri wkh
hgjhv @% ru S% duh qrw hvvhqwldo lq � 	 ^ � 
 ^ � � 1 Zh fodlp wkdw wkhuh duh
wzr hgjhv e 	 c e 
 5 i@%c K%c S%j vxfk wkdw � ' E� � ^ � � ^� � �� ie � c e � j lv d
frqyh{ ghfrpsrvlwlrq ri � 1

Vlqfh ? ' ? � n ? � n ? � � D/ wkhq wkh qxpehu ri hohphqwv lq � lv
m�m ' m� � ^� � ^� � m � 2

' m� � mn m� � mn m� � m � 2
� � � � � � � �� n � � � � � � �� n � � � � � �  ! � 2
' � " # $ % & ' ( & ' ) * + , -
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Fdvh 510 Wkhuh lv dq lqwhuqdo srlqw % ri � vxfk wkdw wzr ri {@%K/ {@%S dqg
{K%S duh hpsw| wuldqjohv1

Zlwkrxw orvv ri jhqhudolw| zh dvvxph wkdw {@%K/ {@%S frqwdlq qr srlqwv
ri � lq wkhlu lqwhulruv1
Vxefdvh 51410 {K%S lv qrw dq hpsw| wuldqjoh1

E| lqgxfwlrq wkhuh lv d frqyh{ ghfrpsrvlwlrq � = ri �q i@j zlwk dw prvw> ? @ A B > C B > D
E 1 Fohduo| � > ^i{@%Kc{@%Sj lv d frqyh{ ghfrpsrvlwlrq ri � 1 Vlqfh

{K%S lv qrw hpsw|/ wkhq wkhuh lv d srlqw lq wkh lqwhulru ri {K%S zklfk lv
6



dgmdfhqw wr % lq � � 1 Wklv lpsolhv wkdw wkhuh lv dq hgjh e 5 i%Kc %Sj zklfk lv
qrw hvvhqwldo lq � � ^i{@%Kc{@%Sj dqg wkhuhiruh � ' E� � ^ i{@%Kc{@%Sj��
e lv d frqyh{ ghfrpsrvlwlrq ri � 1

Lq wklv fdvh wkh qxpehu ri hohphqwv ri � lv
m�m ' m� � ^ i{@%Kc{@%Sjm � �

' m� � mn mi{@%Kc{@%Sjm � �
� � � � � � � � � � �� n 2� �
' � � � � � ��

Vxefdvh 51510 {K%S lv dq hpsw| wuldqjoh1
Lq wklv fdvh ? ' e dqg � ' i{@%Kc{@%Sc{K%Sj lv d frqyh{ ghfrpsrvl0

wlrq ri � zlwk 6 hohphqwv1
Fdvh 610 Iru hdfk lqwhulru srlqw � ri � / h{dfwo| rqh ri {@�K/ {@�S dqg {K�S
lv dq hpsw| wuldqjoh1

Ohw 5 eh dq lqwhulru srlqw ri � 1 Zlwkrxw orvv ri jhqhudolw| zh dvvxph
wkdw {@5K lv dq hpsw| wuldqjoh1
Vxefdvh 61410 Wkhuh lv dq lqwhulru srlqw % ri � vxfk wkdw �@%5K lv d frqyh{
txdgulodwhudo wkdw frqwdlqv qr srlqwv ri � lq lwv lqwhulru1

Ohw � 	 ' � _ {@%S/ � 
 ' � _ {%S5 dqg � � ' {K5S1 E| lqgxfwlrq/ iru
� ' �c 2c �/ wkhuh lv d frqyh{ ghfrpsrvlwlrq � � ri � � zlwk dw prvw 	 
 � � � 	 ��

hohphqwv/ zkhuh ? � lv wkh qxpehu ri srlqwv lq � � 1 Fohduo| � 	 ^ � 
 ^ � �
^i�@%+Kj lv d frqyh{ ghfrpsrvlwlrq ri � 1

Vlqfh {@%K lv hpsw|/ wkhq {@%S fdqqrw eh hpsw|1 Wkhuhiruh wkhuh lv d
srlqw lq wkh lqwhulru ri {@%S zklfk lv dgmdfhqw wr % lq � 	 1 Wklv lpsolhv wkdw
wkhuh lv dq hgjh e 	 5 i%@c %Sj zklfk lv qrw hvvhqwldo lq� 	 ^� 
 ^� � ^i�@%5Kj1
Dqdorjrxvo| wkhuh lv dq hgjh e 
 5 i5Sc 5Kj zklfk lv qrw hvvhqwldo lq� 	 ^� 
 ^� �
^i�@%5Kj1 Zh fodlp wkdw � ' E� 	 ^� 
 ^ � � ^ i�@%5Kj� � ie 	 c e 
 j lv d
frqyh{ ghfrpsrvlwlrq ri � 1

Vlqfh ? ' ? 	 n ? 
 n ? � � e/ wkhq wkh qxpehu ri hohphqwv lq � lv
m�m ' m� 	 ^ � 
 ^ � � ^ i�@%5Kjm � 2

' m� 	 mn m� 
 mn m� � mn mi�@%5Kjm � 2
� 	 
 � � � 	 �� n 	 
 � � � 	 �� n 	 
 � � � 	 �� n �� 2
' 	 
 � � � � � � � � � � � � 	�

' 	 
 � � � � � � � ��

' �  ! � " ��
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Vxefdvh 61510 Iru hdfk rwkhu lqwhulru srlqw � ri � / 5 lv dq lqwhulru srlqw ri
{@�K1

Vlqfh {@5K lv dq hpsw| wuldqjoh/ wkhq {@5S pxvw frqwdlq dw ohdvw rqh
srlqw ri � lq lwv lqwhulru1 Ohw % eh d srlqw ri � lq wkh lqwhulru ri {@5S vxfk
wkdw {%5@ lv dq hpsw| wuldqjoh1 Dqdorjrxvo|/ wkhuh lv d srlqw + ri � lq wkh
lqwhulru ri {K5S vxfk wkdw {+5K lv dq hpsw| wuldqjoh1
Vxevxefdvh 6151410 {S%K lv dq hpsw| wuldqjoh1

Ohw � � ' � _{@%S dqg � � ' � _{%5K1 E| lqgxfwlrq/ wkhuh lv d frqyh{
ghfrpsrvlwlrq � � ri � � zlwk dw prvw � � � � � � �� hohphqwv dqg d frqyh{ ghfrpsr0
vlwlrq � � ri � � zlwk dw prvw � � � � � � �� hohphqwv zkhuh ? � dqg ? � duh wkh qxpehu
ri srlqwv lq � � dqg � � / uhvshfwlyho|1 Fohduo| � � ^ � � ^ i{@5Kc{@%5c{S%Kj
lv d frqyh{ ghfrpsrvlwlrq ri � 1

Vlqfh {S%K lv dq hpsw| wuldqjoh/ wkhq {@%S fdqqrw eh hpsw|/ wkhuhiruh
wkhuh lv d srlqw lq wkh lqwhulru ri {@%S zklfk lv dgmdfhqw wr % lq � � 1 Wklv
lpsolhv wkdw wkhuh lv dq hgjh e � 5 i%@c %Sj zklfk lv qrw hvvhqwldo lq � � ^� � ^
i{@5Kc{@%5c{S%Kj1

Vlqfh {@5K lv dq hpsw| wuldqjoh/ wkhq {S5K fdqqrw eh hpsw|1 Vlqfh
{S5K � {S%K^ {%5K dqg {S%K lv dq hpsw| wuldqjoh/ wkhq {%5K lv qrw
hpsw|1 Wkhuhiruh wkhuh lv d srlqw lq wkh lqwhulru ri {%5K zklfk lv dgmdfhqw
wr 5 lq � 	 1 Wklv lpsolhv wkdw wkhuh lv dq hgjh e 	 5 i5%c 5Kj zklfk lv qrw
hvvhqwldo lq � 	 1

Zh fodlp wkdw � ' E� 
 ^ � 	 ^ i{@5Kc{@+5c{S+Kj��ie 
 c e 	 j lv d frqyh{
ghfrpsrvlwlrq ri � 1

Vlqfh ? ' ? 
 n ? 	 � �/ wkhq wkh qxpehu ri hohphqwv lq � lv
m�m ' m� 
 ^ � 	 ^ i{@5Kc{@+5c{S+Kjm � 2

' m� 
 mn m� 	 mn mi{@5Kc{@+5c{S+Kjm � 2
� 
 � � 
 � 
 �� n 
 � � � � 
 �� n �� 2
' 
 � � � 
 � � � � � 	 ��
' � � � � � � � � � ��
' � � � � � ��

Vxevxefdvh 6151510{S+@ lv dq hpsw| wuldqjoh1
Lqwhufkdqjh + dqg % dqg @ dqg K lq Fdvh 615141

Vxevxefdvh 6151610 Erwk {S%K dqg {S+@ frqwdlq dw ohdvw rqh srlqw ri � lq
wkhlu lqwhulruv1

Vlqfh 5 olhv lq wkh lqwhulru ri {@%K/ wkhq erwk wuldqjohv {S%K dqg {@%K
duh qrw hpsw| dqg wkhuhiruh {@%S lv hpsw|1 Dqdorjrxvo| {K+S lv dovr hpsw|1
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Vxevxevxefdvh 615161410 Wkh txdgulodwhudo �S+5% frqwdlqv dw ohdvw rqh srlqw
� ri � lq lwv lqwhulru1

Zlwkrxw orvv ri jhqhudolw| zh dvvxph wkdw � olhv lq wkh lqwhulru ri {S%51
Ohw � � ' �_{S%5 dqg � � ' �_{S5K1 E| lqgxfwlrq wkhuh lv d frqyh{ ghfrp0
srvlwlrq � � ri � � zlwk dw prvw � � � � � � �� hohphqwv dqg d frqyh{ ghfrpsrvlwlrq
� � ri � � zlwk dw prvw � � � � � � �� hohphqwv/ zkhuh ? � dqg ? � duh wkh qxpehu ri
srlqwv lq � � dqg � � / uhvshfwlyho|1 Fohduo| � � ^ � � ^ i{@%Sc{@%5c{@5Kj lv
d frqyh{ ghfrpsrvlwlrq ri � 1

Vlqfh {S%5 lv qrw hpsw| wkhq wkhuh lv d srlqw lq wkh lqwhulru ri {S%5
zklfk lv dgmdfhqw wr % lq � � 1 Wklv lpsolhv wkdw wkhuh lv dq hgjh e � 5 i%Sc %5j
zklfk lv qrw hvvhqwldo lq � � ^� � ^i{@%Sc{@%5c{@5Kj1 Dqdorjrxvo|/ wkhuh lv
dq hgjh e � 5 i5Sc 5Kj zklfk lv qr hvvhqwldo lq � � ^� � ^i{@%Sc{@%5c{@5Kj1
Zh fodlp wkdw � ' E� � ^� � ^ i{@+Sc{@+5c{@5Kj� � ie � c e � j lv d frqyh{
ghfrpsrvlwlrq ri � 1

Vlqfh ? ' ? � n? � �� dv lq Vxevxefdvh 61514/ wkhq wkh qxpehu ri hohphqwv
lq � lv dw prvw � � � � � 	� 1
Vxevxevxefdvh 615161510 Wkh txdgulodwhudo �S+5% frqwdlqv qr srlqwv ri � lq
lwv lqwhulru1

Lq wklv fdvh � ' i@c Kc Sc 5c +c %j dqg i{@+Sc{@+5c{@5Kc{K5%c{K%Sc�S+5%j
lv d frqyh{ ghfrpsrvlwlrq ri � zlwk S ' 
 � � 
 � � 
 �

� hohphqwv1
Vlqfh fdvhv 4/ 5 dqg 6 fryhu doo srvvlelolwlhv/ wkhq wkh uhvxow iroorzv1

6 Plqlpdo frqyh{ ghfrpsrvlwlrqv
Ohw � eh d vhw ri ? srlqwv lq jhqhudo srvlwlrq lq wkh sodqh dqg A eh d
wuldqjxodwlrq ri � 1 Dq hgjh e ri A lv  lssdeoh li e lv frqwdlqhg lq wkh
erxqgdu| ri wzr wuldqjohv o dqg r ri A vxfk wkdw o^r lv d frqyh{ txdgulodwhudo1
I1 Kxuwdgr e| @, suryhg lq ^5` wkdw A kdv dw ohdvw � �

��  lssdeoh hgjhv1
Lq wklv vhfwlrq zh prgli| wkhlu surri wr vkrz wkdw A kdv d vhw ie � c e � c � � � c e � j

zlwk dw ohdvw � � �� hgjhv vxfk wkdw wkh idfhv ri A�ie � c e � c � � � c e � j irup d frqyh{
ghfrpsrvlwlrq ri � 1

Iru hyhu| frqyh{ ghfrpsrvlwlrq � ri � ohw C E�� ghqrwh wkh vnhohwrq
judsk ri �1 Wkdw lv wkh sodqh jhrphwulf judsk zlwk yhuwh{ vhw � lq zklfk
wkh hgjhv duh wkh vlghv ri doo sro|jrqv lq �1

Li � lv d plqlpdo frqyh{ ghfrpsrvlwlrq ri � / wkhq iru hyhu| lqwhuqdo hgjh
e ri C E��/ wkh judsk C E��� e kdv dq lqwhuqdo idfh ' � zklfk lv qrw frqyh{
dqg dw ohdvw rqh hqg ri e lv d uh h{ yhuwh{ ri ' � 1
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Wkhuhiruh zh fdq rulhqw wkh hgjhv ri C E�� dv iroorzv= Wkh hgjhv o|lqj lq
wkh erxqgdu| ri �M E� � duh rulhqwhg forfnzlvh/ dqg hyhu| lqwhuqdo hgjh e lv
rulhqwhg wrzdugv d uh h{ yhuwh{ ri ' � 1 Li erwk hqgv ri e duh uh h{ yhuwlfhv
ri ' � / wkh rulhqwdwlrq ri e lv duelwudu|1 Ohw ���$C E�� ghqrwh wkh fruuhvsrqglqj
rulhqwhg jhrphwulf judsk1

Wkh iroorzlqj ohppd lv suhvhqwhg khuh zlwkrxw surri1
Ohppd 5 Li � lv d plqlpdo frqyh{ ghfrpsrvlwlrq ri � wkhq=
d, Wkh lqghjuhh _ � E�� ri hyhu| yhuwh{ � ri ���$C E�� lv dw prvw �1
e, Li �$�5/ �$�5 duh dufv ri ���$C E��/ wkhq �5 dqg �5 olh lq d frpprq idfh ri C E��1
f, Li �$�5/ �$�5 dqg �$�5 duh dufv ri ���$C E��/ wkhq 5 kdv ghjuhh � lq C E�� dqg olhv
lq wkh lqwhulru ri wkh wuldqjoh ���1
Ohppd 6 Ohw � eh d plqlpdo frqyh{ ghfrpsrvlwlrq ri � 1 Li & lv wkh qxpehu
ri yhuwlfhv lq wkh erxqgdu| ri �M E� �/ wkhq mT � m � 2mT � mn2mT � mnmT � m�E&n2�/
zkhuh T � ghqrwhv wkh vhw ri yhuwlfhv ri ���$C E�� zlwk lqghjuhh �1
Surri1 E| Ohppd 5e/ wkh judsk C E�� fdq eh h{whqghg wr sodqh jhrphwulf
judsk 8 � lq zklfk doo lqwhuqdo idfhv duh wuldqjohv vxfk wkdw li �$�5 dqg �$�5 duh
dufv ri ���$C E��/ wkhq 8 � frqwdlqv wkh hgjh ��1 Iru hdfk yhuwh{ 5 5 T � / ohw A E5�
ghqrwh wkh wuldqjxodu idfh ri 8 � erxqghg e| wkh hgjhv �5/ �5 dqg ��/ zkhuh�$�5 dqg �$�5 duh wkh wzr dufv ri ���$C E�� zlwk khdg lq �1

Ohw 8 � eh wkh sodqh jhrphwulf judsk zlwk yhuwh{ vhw T 	 ^T � ^T � / rewdlqhg
iurp C E�� e| ghohwlqj doo yhuwlfhv lq T 
 1 Qrwlfh wkdw hdfk lqwhuqdo idfh ri
8 � lv d wuldqjoh dqg wkdw A E5� lv d idfh ri 8 � iru hdfk 5 5 T � 1 E| Hxohu*v
irupxod/ wkh qxpehu ri lqwhuqdo idfhv ri 8 � lv 2Em� 
 mn m� � mn m� � m�� E& n 2�1
Vlqfh hdfk yhuwh{ � 5 T � pxvw olh lq wkh lqwhulru ri d idfh ri 8 � zklfk lv qrw d
idfh ri 8 � / wkhq wkhuh duh dw prvw dv pdq| yhuwlfhv lq T � dv idfhv lq 8 � zklfk
duh qrw idfhv ri 8 � 1 Wkdw lv mT � m � E2EmT 
 mn mT � mn mT � m�� E& n 2�� � mT � m '
2mT 
 mn 2mT � mn mT � m � E& n 2�1
Wkhruhp 7 Li � lv d plqlpdo frqyh{ ghfrpsrvlwlrq ri � / wkhq � kdv dw
prvw � � � � �� hohphqwv/ zkhuh & lv wkh qxpehu ri srlqwv lq wkh erxqgdu| ri
�M E� �1
Surri1 Ohw C E�� eh wkh vnhohwrq judsk ri � dqg ���$C E�� eh wkh fruuhvsrqglqj
rulhqwhg judsk1 E| Ohppd 5/ _ � E�� � � iru hdfk � 5 T

� ���$C E�� � dqg

:



wkhuhiruh ���� .
� ���$C E�� � ���� ' mT � mn2mT � mn�mT � m/ zkhuh T � lv wkh vhw ri yhuwlfhv ri

���$C E�� zlwk lqghjuhh �1 Lw iroorzv wkdw

2 ���� . 	 ���$C E�� 
 ���� ' 2mT � mn emT � mn SmT 
 m
' D EmT � mn mT � mn mT � mn mT � m�� D mT � m � � mT � m � mT � mn mT � m

Vlqfh ? ' ���� T � ���$C E�� � ���� ' mT � m n mT � m n mT � m n mT � m dqg/ e| Ohppd 5/
mT � m � 2mT � mn 2mT � mn mT � m � E& n 2�/ wkhq

2 ���� . � ���$C E�� � ���� � D?� D mT  m � � mT ! m � mT " mn E2mT  mn 2mT ! mn mT " m � E& n 2��
' D?� � mT  m � mT ! m � & � 2

Vlqfh doo yhuwlfhv lq wkh erxqgdu| ri �M E� � kdyh lqghjuhh � lq ���$C E��/
wkhq mT # m � & dqg wkhuhiruh

2 $$$$ . % ���$C E�� & $$$$ � D?� � mT ' m � 2& � 2
� D?� 2& � 2

E| Hxohu*v irupxod/ wkh qxpehu ri lqwhuqdo idfhv ri ���$C E�� lv

�� (((( T ) ���$C E�� * (((( n (((( . ) ���$C E�� * (((( � �� ?n + , - . / 0 12 ' 3 4 5 2 62
Vlqfh wkh hohphqwv ri � fruuhvsrqg wr wkh lqwhuqdo idfhv ri ���$C E��/ wkhq

wkh uhvxow iroorzv1
Ohw C 7 eh wkh jhrphwulf judsk lq Iljxuh 5/ dqg iru � � � ohw C 8 9 : eh

jhrphwulf judsk rewdlqhg iurp C ; dv lq Iljxuh 6/ zkhuh C < lv d frs| ri C<
zlwk wkh 6 frqyh{ kxoo hgjhv uhpryhg dqg sodfhg xsvlgh grzq1

Iru � � �/ C = lv wkh vnhohwrq judsk ri d plqlpdo frqyh{ ghfrpsrvlwlrq
� > ri d vhw � > zlwk ? > ' S�� 2 srlqwv dqg1 Vlqfh � > kdv o ? ' b�� S ' @ A B C DE
hohphqwv/ wkhq wklv vkrzv wkdw wkh erxqg lq Wkhruhp 5 lv wljkw iru & ' �1
Dq dqdorjrxv idplo| ri frqyh{ ghfrpsrvlwlrqv fdq eh frqvwuxfwhg iru dq|
& � �1

;



Iljxuh 5=

Iljxuh 6=

Fruroodu| 8 Li A lv d wuldqjxodwlrq ri d vhw � ri ? srlqwv lq frqyh{ srvlwlrq
lq wkh sodqh/ wkhq A frqwdlqv d vhw ie � c e � c � � � c e � j zlwk dw ohdvw � � �

�  lssdeoh
hgjhv vxfk wkdw wkh idfhv ri A � ie � c e � c � � � c e 	 j irup d frqyh{ ghfrpsrvlwlrq
ri � 1
Surri1 Ohw � eh d plqlpdo frqyh{ ghfrpsrvlwlrq ri � vxfk wkdw doo hgjhv ri
C E�� duh hgjhv ri A 1 E| wkh surri ri Wkhruhp 7 wkh judsk/ C E�� kdv dw prvw
 � � 
 � � 



 hgjhv/ zkhuh & lv wkh qxpehu ri srlqwv lq wkh erxqgdu| ri �M E� �1
Vlqfh A kdv �?�&�� hgjhv/ wkhq wkhuh duh dw ohdvw �?�&��� 
 � � 
 � � 



 ' � � �



hgjhv lq A zklfk duh qrw hgjhv ri C E��1 Fohduo| hdfk ri wkhvh hgjhv lv
 lssdeoh lq A 1

7 Ilqdo uhpdun
Lw uhpdlqv dv d sureohp wr ghflgh zkhwkhu wkhuh h{lvwv d frqvwdqw S vxfk wkdw
iru dq| vhw � ri ? srlqwv lq jhqhudo srvlwlrq lq wkh sodqh/ wkhuh lv d frqyh{

<



ghfrpsrvlwlrq ri � zlwk dw prvw ?n S hohphqwv1
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